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ABSTRACT
Nanoparticle suspensions are utilized for depositing thin films on solid substrates by a pro-
cess called nano electrospray laser deposition. In this research, three deposition methods, contact
liquid line laser printing, nano-electrospray laser sintering and evaporative optical Marangoni con-
vection are investigated experimentally and analytically.
Thin silver lines are printed on indium tin oxide-coated silicon substrates by dispensing
silver nanoparticle suspension with a micropipe of inner diameter 51µm and subsequently sintering
the nanoparticles with a CO2 laser beam of Bessel intensity profile. The deposited silver lines of
65µm width and 1µm height have good resistivity which can be used to manufacture silver fingers
on solar cells by stacking multiple layers, or coat the substrate with a single silver layer to form a
smooth surface for subsequently depositing thicker silver fingers. An analytical conduction model
is developed for the Bessel beam heating of the substrate to predict the temperature distribution
the silicon substrate, which can be used to guide the substrate speed as well as the range of laser
power for sintering. Another analytical models are also developed for the Bessel beam heating
of the nanosuspension microdrops and the substrate to predict the droplet thermal behavior (i.e.,
explosion characteristics) in mid-air and on the substrate that are observed in nano-electrospray
laser sintering.
Due to laser illumination, the droplet suspension undergoes changes in optical properties
and surface tension-dominated Marangoni convection. This evaporative optical Marangoni con-
vection has been modeled for an incident UV beam to understand the deposition patterns on the
substrate. An analytical solution of stream function is shown to predict surface patterns that com-
pare well with experiments.
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CHAPTER 1: INTRODUCTION
Microstructures and nanostructures can be manufactured by depositing particles on a solid
surface. Drying droplets or ink of nanopartilce suspension with laser or light of different wave-
length for depositing nanoparticles has been prevalent in recent years [4]. Three nanoparticle
deposition methods, contact liquid line laser printing, Nano-electrospray laser sintering (NELD)
and evaporative optical Marangoni assembly show promising trends in additive manufacturing in
solar cells and other electronic applications with fast proceeding and low costs. Evaluating these
methods for better understanding of the deposition mechanism and for more precise deposition is
of our interest.
In the contact liquid line laser printing experiment, a 1.5 inches long capillary tube of
51 µm inner diameter and 159 µm outer diameter is placed 20 µm above the substrate in an incline
angle 33◦. The 75wt% LIFT printing silver ink is supplied through the capillary tube to draw a
thin ink line on a moving indium tin oxide (ITO) coated silicon substrate. The CO2 laser is then
focused on the ink line to sinter the silver nanoparticles on the substrate. The size of the particles is
known to affect the thermodynamic properties of materials, especially in the nanoscale range. The
melting temperature of nanoparticles has been observed to be less than the melting temperature of
the corresponding bulk material [5, 6]. Therefore, the use of nanoparticles in contact liquid line
laser printing offers a unique way to deposit silver lines on ITO coated silicon substrates that has
low damage threshold temperature. The deposition of silver lines using ink of silver nanoparticles
shows several advantages in our study: (i) it allows localized heating of the nanoparticles without
heating the surrounding substrate excessively; (ii) there is no damage to the underlying ITO coated
silicon substrates due to low heat input; and (iii) silver lines can be deposited with faster processing
speed. A 7cm long silver line with with 65µm width have been printed on ITO coated silicon
substrate by using the silver ink. An analytical model for temperature distribution in the moving
silicon substrate during the sintering procedure is being developed to understand how the laser
1
power and substrate speed affect the sintered line width and trying to use it to guide for thinner
silver line deposition.
Nano-Electrospray Laser Deposition (NELD) is a newly developed additive manufacturing
method, which uses nanoparticle suspension, to print nanopatterns or micropatterns on substrates
in nanophotonic or optoelectronic devices [7]. The nanoparticles have better mechanical, electri-
cal, thermal and optical properties [8]. In NELD, suspension of nanoparticles was firstly prepared
by dispersing the nanoparticles in de-ionized (DI) water with a surfactant (sodium dodecyl sulfate)
of 8mM concentration. The aqueous suspension of nanoparticles, e.g., silver nanoparticle suspen-
sion, is used as a precursor to produce microdroplets by an electrospray method. The suspension
is fed to a positively charged capillary tube using a syringe pump and the droplets detach from the
tip of the capillary tube due to the balance of the electrodynamic and hydrodynamic forces acting
on the suspension. An electrostatic field between the capillary tube and a substrate 8mm beneath
the tube alters the mode of detaching the droplets, resulting in different dripping mode such as
dripping, microdripping and oscillating microdripping [9–12]. Thus, the electro-capillary interac-
tion provides an additional mechanism to generate different modes for the fluid dynamic response
of the droplets. microdroplets are extracted from the tip of the capillary tube under microdripping
mode using the combination of a positively charged capillary tube and a negatively charged sub-
strate, in which the voltage ranges from 2600V to 3300V . The Taylor Cone jet is formed when
such high voltage is applied to the capillary tube and the suspension is polarized [13]. The electric
field around the suspension flowing downward from the capillary tube deforms the liquid meniscus
into a Taylor cone from which the micron-sized droplets are emitted. The electrical conductivity
and the liquid flow rate of the suspension can affect the dropsize [14]. The droplets pass through
a hollow parabolic mirror and enters into a hollow conical laser beam to eventually interact with
a Bessel laser beam at the apex of the cone where the laser evaporates the liquid and sinters the
nanoparticles on the substrate [15–17]. The laser-droplet interaction occurs in mid-air as well as
on the substrate, creating subwavelength structures on the substrate [18].
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Evaporative optical Marangoni assembly is originated by Anyfantakis et al. in 2015, where
UV light is illuminated on a sessile drop of photosensitive solution to induce a surface tension gra-
dient on the droplet surface which leads to Marangoni flow inside the droplet and deposit nanopar-
ticles where the UV light illuminates showing that UV light can be used to modulate the deposition
pattern of particles during the droplet drying [19]. An analytical framework is developed to cal-
culate the stream function and velocity field in the droplet to predict the deposition pattern. The
analytical model is validated by comparing its predicted deposition patterns with the experimen-
tal results of a dot and a circular particle deposition quantitatively with good agreements. The
analytical model is then used to design a concentric particle deposition by concentric UV light
illumination. The model also explains that the particle residual at the droplet contact line is due
to the Moffatt eddies nearby and suggests a Gaussian UV light intensity distribution to eliminate
Moffatt eddies for depositing particles without residual. Superposed with the capillary flow due
to the evaporation, the analytical model also reveals that evaporation shrinks and eliminates the
Moffatt eddies or change the primary toroidal recirculations patterns in Marangoni flow based on
different ambient humidities.
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CHAPTER 2: LITERATURE REVIEW
Microstructures and nanostructures can be manufactured by depositing nanoparticles on a
solid surface [4], which can be used on surface pattern, deposition of circuits and integrated circuit
manufacturing [20]. Those nanoparticle deposition methods, including lithography, inkjet printing,
nano-electrospary laser sintering, evaporative optical Marangoni assembly, etc. and their related
physics have been reviewed in this chapter.
2.1 Nanoparticle deposition of nanopartilce suspensions
Recent advancements in modern manufacturing technology have enabled us to fabricate
two-dimensional and three-dimensional structures using nanoparticles of various materials. Typ-
ically, nanomaterials often exhibit outstanding electrical, mechanical, optical, magnetic and cat-
alytic properties that are not manifested by their bulk counterparts [21–24]. Nanomaterials can
be added to polymer, metal or ceramic material systems to improve the material properties i.e.,
mechanical strength, electrical conductivity, biocompatibility, etc [25–28]. The layer-by-layer de-
position of metal nanoparticles has shown practical applications in membrane technology, sensor
development, magnetic recording media, and photovoltaic devices [29–31]. Traditional sintering
techniques, i.e., chemical vapor deposition, wet etching, spin coating, electron beam evaporation,
photolithography techniques are used to fabricate nanomaterials-based ceramic, metal or polymer
composites to produce thin film components [32–37]. The advent of additive manufacturing based
on multilayer inkjet printing [38], laser induced forward transfer method also paved the path of
fabricating nanostructured layers or thin film structures [39]. However, before selecting the man-
ufacturing method, it is required to evaluate the technical and economic viability. For example,
contactless printing is more feasible to fabricate complex ultrathin stacks of various nano materials
on flexible substrates as flexible devices, circuits or thin films which are highly sensitive to me-
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chanical pressure [40]. The inkjet printing of conductive nanoparticles on polymers and papers are
limited by the high sintering temperature of the nanoparticles [41]. Apart from that, high tempera-
ture sintering in presence of oxygen might oxidize the metallic nanoparticles such as copper which
is the most common conductive metal in electronics [42]. The maximum annealing temperature is
also limited by the property of polymer or flexible substrates which yields high resistivity of the
interconnects as they get porous [43].
Thus, printing nanopatterns additively on substrates with fast processing and low cost is
of importance in nanophotonic and optoelectronic devices [20]. These nanostructure patterns have
better mechanical and optical properties as well as lower melting temperature compared to the bulk
material [8], and can be deposited on the substrate by using the nano-electrospray laser deposition
method or printing and laser curing [18]. Water droplets in the range of 60− 100µm containing
semiconductor nanoparticles are ejected from an electrospray in the microdripping mode [15]. A
focused Nd:Yag laser beam evaporates the water while simultaneously sintering the nanoparticles
on the substrate [8, 44]. Laser sintering has also been used in manufacturing organic field-effect
transistors due to its high resolution and low cost [45, 46].
An important aspect of laser heating is to understand the thermal effect and thermal distri-
bution [47–49]. Evaporation of water prior to sintering is also an important part in laser assisted
manufacturing. Hasan and Monde reviewed the homogeneous nucleation boiling phenomena under
different non-equilibrium heating condition and summarize their boiling explosion time, which can
vary from 0.173µs to 0.723ms [50]. This type of information is important to assess for an irradi-
ated droplet in transit since explosion could occur before the droplet reaches the substrate [51,52].
Continuous laser heating on sessile or levitated drop is also used to affect the solute precipitation
patterns after solvent evaporation by tuning laser intensity, irradiation time and absorption of the
droplet [53–56]. Pendleton as well as Park et al. modeled the temperature distribution in a water
droplet irradiated by pulsed carbon dioxide laser analytically [57, 58], plotted the isothermal tem-
perature contour at the theoretical superheated limit for nucleation boiling and defined the fast and
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slow heating regime to illustrate the explosive vaporization patterns in Kafalas and Ferdinand’s ex-
periments [59]. Shusser and Weihs modeled a single bubble growth initiating from the center of a
water drop and matched their prediction with experimental observation [60]. Upon measuring the
superheating rate and bubble growth during pulsed-laser induced boiling process by optical prob-
ing, it was shown that the bubble growth threshold superheating degree should be approximately
100−123K higher than the saturation temperature [61]. The studies on pulsed infrared laser heat-
ing of water jet by shadowgraphy and Raman spectroscopy show a possible explosive boiling time
of 500ns to 10µs [61,62]. For the pulsed laser-heating droplet behavior, a series of studies is done
by Armstrong et al. to measure the explosion and breakdown thresholds for droplets of different
sizes and different materials as well as the delayed time prior to droplet explosion [63–65]. A
series of studies has also been done by Josyula et al. and Askounis et al. [66, 67] to examine the
effect of localized laser heating of droplet on the Marangoni flow and the resultant evaporation
kinetics. However, the pulsed infrared laser heating effect on nanosuspension droplet in mid-air
during deposition on a substrate has not been studied.
The sessile microdroplets respond to laser heating differently depending on the laser power.
Research on such droplet heating on hot surfaces has gained some attentions recently [68–72]. The
bouncing of droplets from Si substrates under high laser power is also observed experimentally,
which is similar to the droplet rebounding from a hot surface, known as the Leidenfrost effect
[73, 74]. Shirota et al. experimentally studied the effect of an isothermal surface temperature on
the time and length scales of the Leidenfrost boiling of droplets [75]. Villegas et al. numerically
simulated the droplet impingement on a hot surface for Weber numbers ranging from 7 to 45 at
temperatures well above the Leidenfrost point [76]. It is commonly accepted that the dynamics
of a droplet impinging on a hot surface depends predominantly on the temperature of the surface
[77–80].
The substrate surface temperature during laser heating is, therefore, a significant variable
for understanding different phenomena that may arise when the droplets impinge on the substrate.
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Yilbas et al. compared the temperature distributions due to short-pulse laser heating by considering
three models, the Fourier heating, two equations for electron and lattice heating and kinetic the-
ory models [81], and inferred that the Fourier model is not applicable for laser pulses shorter than
0.1ns. Yilbas and Pakdemirli also presented a closed-form solution for the temperature distribution
due to pulsed laser heating by solving the hyperbolic heat conduction equation using a perturbation
method [82, 83]. Nath et al. [84] considered a one-dimensional model for the temperature profiles
during heating and cooling cycles, resulting from laser pulse on-off times, and analyzed the effects
of various processing parameters, such as the laser power, beam diameter, scan speed, pulse dura-
tion, pulse repetition rate and duty cycle, on laser surface hardening. Chen et al. [85] and Taylor et
al. [86] developed the two-dimensional and three-dimensional analytical solutions for pulsed laser
heating of aluminium and silicon substrates, respectively. A generalized analytical solution was
developed by Lam et al. for electron and lattice temperature profiles in a metallic film exposed
to ultrashort laser pulses using the superposition of temperature and the Fourier transform method
in conjunction with the solution structure theorems [87]. In the application of laser manufactur-
ing, Rahaman et al. [88] solved the Fourier heat conduction equation analytically using an integral
transform technique for the temperature distribution in polypropylene due to femtosecond laser
heating, and they demonstrated that their model predictions agree well with experimental results.
2.2 Nanoparticle deposition in evaporative droplets
The simplest way to deposit nanoparticles on a substrate is by using controlled evaporation
of droplets [89]. By exploiting the capillary force of water, combined with controlled evapora-
tion, vertical deposition method has also been developed [90]. However, due to the number of
parameters to be controlled in evaporation methods, external forces have been used for controlling
deposition patterns, such as electrostatic deposition [91] and electrophoretic deposition [92]. The
requirements on hydrophilic or hydrophobic properties of substrates used in direct deposition are
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considered high.
Particle transport and depositing particles in a controlled manner have several important
biological and industrial applications. Deposition of micro- and nanoparticles in straight airways
has been studied by Hogberg et al. to understand the influence of the breathing pattern on the
deposition of inhaled non-spherical micro- and nanoparticles [93]. It has also been reported that
in duct flow, by enhancing the drag near the wall in a Newtonian fluid, nanoparticles agglomerate
and deposit on the wall [94]. Similarly, Lorentz force created by the flow induced by electric and
magnetic fields is also found to enhance the particle deposition on the wall [95]. However, different
methods to control and deposit nanoparticles at a desired location have been utilized for some
time [4]. Particle deposition by drying or evaporation has been in vogue for some time. Coffee-
ring effect [96, 97] and related theoretical studies on deposition pattern and control have attracted
a lot of attention in this field. The competition between pinning and dewetting [97] along with
the deposition of colloidal particles in droplets [98] have been reported. Flow fields in droplets
under slow evaporation have been solved numerically and using lubrication theory for different
contact angles [99,100]. The exact analytical solution for Stokes flow in both inviscid and viscous
droplets of different contact angle due to evaporation has also been provided by Masoud et al. who
evaluated the stream function and velocities for normal velocity boundary conditions at the free
surface in toroidal coordinates [101,102]. As delineated in Fig. 2.1, The analytical solution shows
the streamlines flow from the droplet top surface to contact line bring the particles inside to the
droplet edge which can illustrate the coffee-ring effect.
In addition to evaporation, surface tension also affects the flow [103], especially in creep-
ing flow [104]. Surface tension-induced circulation has also been studied by evaluating solutal
Marangoni flow with different solutes [105,106] and by evaluating thermal Marangoni flow exper-
imentally and analytically in spherical drop or spherical cap [107, 108]. In Stokes flows, shown in
Fig. 2.2, corner vortices called the Moffatt eddies [109, 110] may appear in succession at a fixed
geometric ratio in size and intensity [3, 111].
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Figure 2.1: Dimensionless streamlines in an evaporative droplet of viscous fluid with pinned con-





Figure 2.2: Capture of Moffatt eddies in both experiments and numerical modeling. (a) Moffatt
eddy pattern in a wedge-shaped region with Re= 0.17. Reprinted from Taneda et al. [1]. Copyright
(1979) Physical Society of Japan. (b) HOC simulation of Moffatt eddies for case in (a). Reprinted
from Biswas et al. [2]. (c) Simulation of Moffatt eddies at the left corner of driven cavity Stokes
flow showing cascade decay in circulation geometry and strength. Reprinted from Biswas et al. [3].
Copyright (2018) Elsevier.
Not all direct deposition methods can be arbitrarily applied to any particle which might
have unique physical and chemical properties. In order to deposit particles, UV light (365 nm
wavelength) may need be passed through the droplet made of photosensitive solution using a novel
evaporative optical Marangoni convection [19, 112, 113]. AzoTAB is a type of photosensitive sur-
factant having two isomers, trans-azoTAB and cis-azoTAB [114]. Transition of trans-azoTAB to
cis-azoTAB under UV light increases the surface tension of the solution [115]. Despite the pre-
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ponderance of research in particle deposition, no analytical work has been done to understand the
precise control of deposition using laser as the source to deposit particles. The optical Marangoni
flow method is robust, has the ability to assemble various particles in photosensitive surfactant
solutions on different substrates, and has shown promise in different fields.
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CHAPTER 3: DIFFRACTION MODELING OF BESSEL BEAM
INTENSITY DISTRIBUTION FOR SINTERING SILVER
NANOPARTICLES ON SILICON SUBSTRATES IN SOLAR CELL
APPLICATIONS
This chapter provides the experimental studies and analytical models on contact liquid line
laser printing method for printing silver fingers on indium tin oxide coated silicon substrates. In
the experiment, a syringe pump is used to dispense the silver ink on the silicon substrate as a liq-
uid line through a micropipe and the continuous CO2 laser is focused on the liquid line to sinter
the silver nanoparticles on the substrate simultaneously. The laser comes as a Gaussian beam and
passes through an axicon lens and a biconvex lens to form a hollow beam which is then reflected
by a parabolic mirror and is focused on the silver ink line as a Bessel beam for improving the heat-
ing capacity at the laser spot center. The intensity of the Bessel beam is calculated by an optical
model using Rayleigh-Sommurfeld diffraction formula and is supplied to a heat conduction model
for finding out the temperature distribution in the silicon substrate. These models are validated
by comparing the deposited line width from the model predictions and the experiments with good
agreements. The temperature distribution in the silicon substrate for different processing parame-
ters is then evaluated by the conduction model to predict the deposited line width and asymmetric
temperature profiles.
3.1 Experiment studies
As shown in Fig. 3.1, the silver ink is delivered through a needle with inner and outer
diameter to be 51µm and 159µm. The flow rate of the ink, Q, is controlled by a syringe pump
and set to be 100-200nL/min and the substrate scanning speed, V , varies from 0.92mm/s to 6mm/s
in different procedure. The continuous CO2 laser of Gaussian distribution with wavelength, λ =
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Figure 3.1: Schematic of experiment setup for Silver line deposition on ITO coated substrate.
10600nm, passes through an axicon lens and biconvex lens forming a hollow beam and get focused
by a parabolic mirror on the silver lines. The laser spot size is adjusted to be 300µm and its power,
P, varies from 2.3W to 11.8W.
The 75wt% LIFT printable silver ink from Sigma-Aldrich is used in the experiments. By
using 100nL/min flow rate of the silver ink with 6mm/s scanning speed, a thin silver ink line
is drawn on top of the ITO (indium tin oxide) coated silicon substrate which is evaporated by
the laser of power 2.3W simultaneously. The laser of 11.8W power and 1mm/s laser scanning
speed is applied after the ink line evaporation process to sinter the silver nanoparticles on the
substrate. The deposited silver lines are shown in Fig. 3.2a with average line width and height
to be 62.5−64.5µm and 1−1.11µm, respectively. Their line resistance and resistivity are also
shown in Fig. 3.2b.
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Line 1 Line 2
(a) (b)
Figure 3.2: Deposited silver lines on ITO coated substrate. (a) Microscope images of line 1 and
line 2 with x10 eye lens and x50 objective lens. (b) Characteristic data for line 1 and line 2.
3.2 Methodology
As described in Fig 3.1, the laser passes though several optical elements, changing its pat-
terns and illuminates on the silicon substrate to heat up the ink and the substrate. During this
procedure, both the optical features and the heat capacity of the laser are important for the deposi-
tion. In this section, the profile transform and the heating effect of the laser are evaluated through
an analytical optical model and an analytical heat conduction model, respectively.
3.2.1 Diffraction modeling of Bessel beam intensity distribution obtained from a Gaussian beam
and axicon lens, biconvex lens and parabolic mirror
As described in Experimental studies, the CO2 laser of Gaussian beam passed the axicon
lens, a biconvex lens and focused on the substrate by a parabolic mirror. Shown in Fig. 3.3 is
the laser passing through the two lenses, where the axicon lens is located at the focal point of the
biconvex lens. The outer diameter of the formed hollow beam, Rout can be expressed as:
















Axicon lens Biconvex lens
Figure 3.3: Schematic of CO2 laser beam passing through the axicon lens and the biconvex lens
and forming a hollow beam.
where, L represents the distance between the axicon lens and the biconvex lens, α and β represent
the incidence and refraction angles of the Gaussian beam on conical surface of the axicon lens as
depicted in Fig. 3.3, and
sinβ = n · sinα, (3.2)
with n being the refractive index of the ZnSO4 which is the material making the axicon lens. The
inner diameter of the hollow beam can be denoted as Rin and the hollow beam thickness is thus
R0 =Rout−Rin. The hollow beam thickness can then be expressed based on the incidence Gaussian
beam radius, RG, as:
R0 = RG
[
1− tanα · tan(β −α)
]
. (3.3)
The hollow beam formed in Fig. 3.3 is called outer half Gaussian beam [116], whose in-
tensity distribution can be expressed as:




where, ρ represents the radial distance in polar coordinates describing the hollow beam, ranging
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from Rin to Rout , and the corresponding electric field can be expressed as:





















Considering the phase delay due to the axicon lens, the modified electric field equation for
the formed hollow beam is:




















U (out)(ρ) · e
ikR
R
cos<−→n ,−→rR > dS, (3.9)
where, shown in Fig. 3.4, R represents the distance between the points on the parabolic mirror, P1
and the destination plane, P0. −→n and −→rR represent the unit normal vector of the parabolic mirror
surface at point P1 and the unit vector connection P1 and P0. dS is the infinitesimal area on the
parabolic mirror.













Figure 3.4: Schematic of coordinate systems used for Rayleigh-Sommurfeld diffraction formula.
horizontal plane. The unit normal vector of the parabolic mirror at P1 can be expressed as:
~n = cosa · êz + sina · êy, (3.10)
where, êz and êy are the unit vector in z and y direction in Cartesian coordinates. Define dA as the
projection of dS on the horizontal plane which gives:






Set the origin of the Cartesian coordinates at the center of the parabolic mirror, we are able
to express P1 to be (ε,η ,∓ξ ) with ξ =
√
ε2 +η2 tana and the sign depending on P1 appearing on
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the upper side or lower side of the parabolic mirror. Thus,
~R =
−−→
P1P0 = (x− ε,y−η ,z±ξ ), (3.13)
and the unit vector of ~R, −→rR can be expressed as:
−→rR =
(x− ε)êx +(y−η)êy +(z±ξ )êz√
(x− ε)2 +(y−η)2 +(z±ξ )2
. (3.14)
Thus,












Compared in z-direction, the dimensions in x and y direction are small, which indicates that(x−η
z±ξ
)2 1 and (y−ηz±ξ )2 1. Thus,
cos<−→n ,−→rR >≈ cosa. (3.16)
The phase delay due to the parabolic mirror is also considered. Shown in Fig. 3.5, the





































Figure 3.5: Schematic of coordinates system and laser path for calculating the phase delay.




















































Replace the Cartesian coordinates with their corresponding Cylindrical coordinates, where
ε = ρ cosφ , η = ρ sinφ ; x = r cosθ , y = r sinθ (3.23a,b,c,d)
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with specifying the integral area as the concentric circle of the hollow beam, the electric field can
be expressed as:
U(r,θ ,z) =U (1)(r,θ ,z)+U (2)(r,θ ,z), (3.24)
where,


















z+ξ cos(φ−θ)ρ dφdρ, (3.25)
and


















z−ξ cos(φ−θ)ρ dφdρ. (3.26)
Using the relationship: ∫
π
0
e−ixcos(φ−θ) dφ = πJ0(x), (3.27)








































ξ = ρ tana z. (3.30)






























































































































































































In our case, k = 593753 is a large number. It is reasonable to ignore the terms with large n.
We only consider the first term as the approximation of F(k):












































The intensity distribution of the laser can then be calculated from


































3.2.2 Modeling of temperature distribution in moving silicon substrates
In the laser sintering procedure, the continuous CO2 laser is illuminated on the silver ink
line to heat it up and sinter the silver nanoparticles on the ITO coated substrate. The temperature
distribution in the substrate is crucial for deposited silver line width and silicon substrate damage.
A conduction model is thus developed to predict the temperature distribution in the silicon substrate
with the laser scanning through it.
Shown in Fig. 3.6 is the schematic of the conduction model with the Cartesian coordinates.
The governing equation of the heat conduction model is expressed blow by considering the heat
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Figure 3.6: Sketch of the laser beam scanning on top of the ITO coated silicon substrate with the
corresponding coordinate system used in heat conduction model.






























where, k(T ) is the heat conduction coefficient of the silicon and α is the heat diffusivity of silicon.
All the boundaries are assumed to convect with the ambiance and irradiate to the ambiance except
the top surface where the laser heating is also included and considered as heat flux into the silicon
substrate. The initial temperature in the substrate is assumed to be the ambient temperature. These
22




= h1(T −Ta)+σε(T 4−T 4a ) at x = 0, (3.43a)
−k(T )∂T
∂x




= h1(T −Ta)+σε(T 4−T 4a ) at y = 0, (3.43c)
−k(T )∂T
∂y








= I(t)(1−Re f )−ht(T −Ta)−σε(T 4−T 4a ) at z = H, (3.43f)
T (x,y,z) = Ta at t = 0, (3.43g)
where, L, W and H are the dimensions in x, y and z directions. hi represents the overall heat
convection coefficient for all surfaces except the top and ht represents the lumped heat convection
coefficient for the top surface where the thin silver ink layer is taken into consideration. σ and ε
are the Stefan-Boltzmann constant and the thermal emissivity of the silicon. I is the laser intensity
calculated in section 3.2.1 and Re f represent the reflectance of silver to 10600nm CO2 laser.
To solve the governing equation with the given boundary conditions and initial condi-
tion, Eqs. (3.42, 3.43a-g) are nondimensionalized by assuming x∗ = x/L, y∗ = y/W , z∗ = z/H,
t∗ = tV/L, T ∗ = T/T0 and k∗ = k(T )/k(T0), where V is the scanning speed and T0 is the approxi-
mated average temperature and will be used as the reference point for Taylor series expansion for
linearizing the boundary conditions. Since k(T ) is a function of temperature, we further assume
that k(T ) = p ·T q to yield:

















+T ∗r , (3.45)
where in our case, Tr is defined to be 1. Since T ∗−T ∗a will be an important item in all boundary
conditions, it is good to evaluate it first and express it in terms of T ′∗:

























































where the subscript i represent either the convection coefficient on the top surface or other surface.
To further simplify the expression of Hi (i = 1,2,3, t), T is assumed to be the estimated average
temperature T0 to yield:








Θ = T ′∗+T ∗c . (3.50)
The dimensionless governing equation, boundary conditions and initial condition can be expressed
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= H∗1 Θ at x
∗ = 0, (3.51b)
∂Θ
∂x∗
=−H∗1 Θ at x∗ = 1, (3.51c)
∂Θ
∂y∗
= H∗2 Θ at y
∗ = 0, (3.51d)
∂Θ
∂y∗
=−H∗2 Θ at y∗ = 1, (3.51e)
∂Θ
∂ z∗
= H∗3 Θ at z
∗ = 0, (3.51f)
∂Θ
∂ z∗
= I∗(1−Re f )−H∗t Θ at z∗ = 1, (3.51g)


























The dimensionless governing equation can be solved by integral transformation [119]. The integral
kernels, X , Y , Z, the eigen values, λ and the norms, N in all directions can be determined from
the homogeneous boundary conditions in x and y directions or the corresponding homogeneous
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boundary conditions in z direction.






















































































































=−H∗t Θ(z∗ = 1)+ flm(t∗), (3.57c)

























I∗(x∗,y∗, t∗)X(x∗)Y (y∗) dx∗dy∗. (3.59)
Eq. (3.57c) is the only nonhomogeneous boundary condition in z direction, which can be homog-
enized by the following substitution:
Θ(λlx,λmy,z∗, t∗) = Θ1(λlx,λmy,z∗, t∗)+Θ2(λlx,λmy,z∗, t∗), (3.60)
where,






































=−H∗t Θ1(z∗ = 1), (3.62c)
Θ1(t∗ = 0) = Θi−Θ2(t∗ = 0), (3.62d)
Since all the boundary conditions for Θ1 are homogeneous boundary conditions. The integral




















= Fo · s∗2 · Θ̃2, (3.64a)



















































Θ̃ = Θ̃1 + Θ̃2 (3.67)











Fo · s∗2 ·λ 2nz · Θ̃2(τ)eλ
2
lmnτ dτ. (3.68)
Thus, by applying Eq. (3.63) and Eq. (3.56) to Θ̃1 = Θ̃− Θ̃2, T ′∗ can be solved as:










































Finally, the dimensional temperature in the silicon substrate is






3.2.3 Evaluation of the integrations
In Eq. (3.59), flm(t∗) integrate the dimensionless laser intensity multiplied by the eigen
functions in x and y direction. Since the laser intensity is nonzero only within the laser spot, the
integration can be evaluated by considering it within the laser spot and under a polar coordinate.
The transformation between the Cartesian coordinate and the polar coordinate can be shown as:

x =Vt + r0r∗ cosθ ,


















where r0 represents the radius of the laser spot. flm(t∗) can then be evaluated in terms of r∗ and θ














































































































































































































































































































































With the same principle
∫ 2π
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3.3 Results and discussion
In this section, the models are firstly validated by comparing its predicted silver line width
to the experimental silver line width. The laser intensity distributions at different location along the
laser path are then shown to illustrate the transforms of the laser beam patterns. With the Bessel
intensity distribution of the laser serving as the input to the conduction model, the temperature










Figure 3.7: Laser beam patterns at different location of the laser path.
3.3.1 Validation
By calculating the temperature distribution on top surface of the silicon substrate, we are
able to predict the silver line width deposited using different micropipes and different laser powers.
The width of the dispensed silver ink line is assumed to be the same as the inner diameter of the
micropipes and only the laser illuminated on the silver ink is assumed to contribute to the sintering
process, since the silicon substrate barely absorb CO2 laser. The threshold sintering temperature of
the silver ink is set to be 180◦C which is within the range of detected silver ink curing temperatures
[121]. The predicted silver line width deposited under different micropipes and different powers
with substrate scanning speed to be 1mm/s are shown in Fig. 3.7. The measured silver line width
from the experiments that deposited using micropipes of 51µm and 108µm inner diameters, 8.9W
and 11.8W laser powers with 1mm/s scanning speed is also plotted in the same figure showing a
good agreement between the experiments and the theoretical predictions.
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Axicon lens Biconvex lens Parabolic mirror
Figure 3.8: Laser beam patterns at different location of the laser path.
3.3.2 Results and dicussion from optical model
The laser beam patterns after passing through different lens and parabolic mirror are eval-
uated. Shown in Fig. 3.8 are the laser intensity distributions at the exit of the CO2 laser machine,
the plane after the biconvex lens and the focal point of the parabolic mirror. The laser comes as a
Gaussian beam with 4.06mm beam diameter. After passing through the axicon lens and biconvex





This outer Gaussian beam is then reflected and focused by the parabolic mirror on the substrate
with the intensity distribution described in section 3.2.1.
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Figure 3.9: Temperature contour on top of the silicon substrate with laser beam moving to different
location at x∗ = 0.05, 0.3 and 0.6 respectively. The laser power is set to be 11.8W with the laser
scanning speed to be 1mm/s. (a-c) Temperature contour for D = 10mm at t = 3s, 18s and 36s
respectively. (d-f) Temperature contour for D = 15mm at t = 3s, 18s and 36s respectively.
3.3.3 Results and discussion from conduction model
After validating the model by comparing the predicted line width and the experimental
deposited line width, the temperature distribution in silicon substrate is evaluated by applying
different process parameters. Among all cases studied in this research, the size of the silicon
substrate is fixed to be L×W ×H = 60mm×30mm×0.2mm. The laser power is set to be 11.8W
with scanning speed to be 1−40mm/s. The scanning location is either along the line y = 10mm
or y = 15mm from x = 0 to x = 60mm which correspond to D∗ = 0.33 and D∗ = 0.5.
Shown in Fig. 3.9 are the temperature contours on top of the silicon substrate with laser
beam canning along different lines at different time. The spot location at time t can be described
as (Vt,D) which coincides with the maximum temperature location. Asymmetric temperature
distribution is observed in case with D∗ = 0.33, showing a higher temperature distribution in the
region between the laser spot and the edge closer to it. This phenomenon can be explained by
the slow heat convection at the edges which accumulates the internal energy. While in case with
D∗= 0.5, symmetric temperature distribution along y∗= 0.5 is observed since the laser is scanning
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Figure 3.10: Temperature distribution on top of silicon substrate nearby the laser spot, with D∗ =
0.33, U = 1mm/s at t = 30s. (a) Temperature contour (b) Temperature profile with Bessel intensity
profile.
along the axis of symmetry of the plate in y direction.
However, the temperature distribution nearby the laser spot, i.e., 1.5mm away from the laser
spot, is still symmetric regardless the scanning location since the effect of laser heating dominates
this region. As shown in Fig. 3.10a, the temperature contour is symmetric around the laser spot
with D∗= 0.33. It is also observed that the isotherms show convex or concave shape corresponding
to the temperature profile peak or valley in Fig. 3.10b. The dimensionless Bessel beam pattern is
also plotted in Fig. 3.10b on top of the temperature profile along the laser scanning line which
shows the peaks and valleys in the temperature profile corresponding to the peaks and valleys in
the Bessel beam profile. The wavy distribution of the temperature profile thus is attributed to the
wavy distribution of the laser intensity profile.
It’s also noticeable in Fig. 3.10 that the temperature contour is symmetric in both x and y di-
rection under low scanning speed due to that the conduction is much faster than the advection from
the laser scanning. When the scanning speed, V , is increased to 40mm/s, as shown in Fig. 3.11, the
advection effect is enhanced and the temperature contour is still symmetric along y∗ = D∗ = 0.33,
but is nonsymmetric along x∗ =Vt/L. Such asymmetry can be described by the length ratio of the
distance to the laser spot center of an isotherm from the head side and the tail side. The distance
to spot center from the head side, Lh, as labeled in Fig. 3.11a, represents the distance between the
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Figure 3.11: Temperature distribution on top of silicon substrate nearby the laser spot, with D∗ =
0.33, U = 40mm/s at t = 0.75s. (a) Temperature contour. (b) Temperature profile along the laser
scanning line.
laser spot center to an isotherm that has not been passed by the laser center. While the distance
to spot center from the tail side, Lt , represents the distance between the laser spot center to an
isotherm that has been passed by the laser center. The ratio rL = Lh/Lt can be used to describe
the rate of asymmetry in our case where lower rL represents stronger asymmetry structure. rL is
plotted as a function of Pe number in Fig. 3.12, where Pe is defined as Pe = (2r0V )/α representing
the ratio of thermal advection and thermal diffusion. With the scanning speed increasing, the ef-
fect of the advection becomes stronger which results in the increase of Pe number and the decrease
in rL. The decrease of rL with the increase of Pe depicts that the increase of advection effect by
increasing scanning speed of the laser can increase the asymmetry temperature distribution in x
direction.
3.4 Conclusion
A novel experiment set up is designed for sintering silver fingers on indium tin oxide coated
silicon substrates with CO2 laser for fast processing. The sintered silver fingers are with line height
to be around 1µm and line width to be 61− 65µm. An analytical optical model is developed to
calculate the laser intensity distribution on top of the silicon substrate and shows a Bessel beam
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Figure 3.12: Plot of rL in terms of Pe number.
pattern. A conduction heat transfer model is also developed to find out the temperature distribu-
tion in the silicon substrate based on the calculated laser intensity distribution. These models are
validated by comparing their predicted line width of the deposition to the experimental data with
good agreement. The effects of the scanning line location and the scanning speed of the laser on
the temperature distribution is then evaluated. The temperature distribution is asymmetric along x
direction when laser doesn’t scan along the center line y∗ = 0.5 due to the heat accumulation on
the closer edge side which is led by the low convection heat transfer from the air. The temperature
distribution is asymmetric along y direction when laser scans in high speed. The relationship of
the rL and Pe reveals that higher laser scanning speed leads to higher rate of asymmetry.
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CHAPTER 4: THERMAL BEHAVIOR OF MICRODROPLETS AND ITS
APPLICATION ON THIN SILICA FILM DEPOSITION ON SILICON
SUBSTRATE IN NANO-ELECTROSPRAY LASER DEPOSITION
This chapter provides analycial models on analyzing the thermal behavior of microdroplets
in mid-air and on silicon substrate when illuminated by the laser in Nano-electrospray laser de-
position procedure. These conduction models are then used to guide a successful thin silica film
deposition on silicon substrate by applying nano-electrospray laser deposition.
Opto-thermal interaction between a laser beam and a nanosuspension droplet is studied in
the first section to analyze the thermal response of the droplet at different laser intensities depend-
ing on the optical properties of the nanosuspensions. A pulsed Nd:YAG laser beam is used to irra-
diate four types of droplet, 20wt% silver nanoparticle suspension, 10wt% and 5wt% germanium
nanoparticle suspension and 8mM SDS solution, in an electrospray laser deposition experiment to
observe the geometrical changes in their shape. A high-speed camera captured the images of the
droplets, showing the decrease in their diameter and inception time for droplet slow evaporation
as well as the pre-explosion time and an explosion regime map of four different explosion pat-
terns: shallow, deep, directional and isotropic explosions depending on the laser peak intensity for
20wt% silver nanoparticle suspension microdroplet. The other three types of suspension, however,
do not undergo slow evaporation or experience mid-air explosion. A theoretical conduction model
has been developed to predict the explosion of the droplet by finding its bubble formation region
inside the droplet. These results are corroborated by experiments that the explosion characteristics
depend on the optical properties of the suspension such as reflectance, absorption coefficient and
refractive index. The temperature distribution and the predicted bubble formation region for the
four types of suspension are investigated, and only the silver nanoparticle suspension of 20wt%
with low reflectance and high absorption coefficient is predicted to have deep bubble formation
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patterns within the droplet, similar to the four explosion patterns in the experiment. The conduc-
tion model agrees well with the experimental results and shows that it can predict the threshold
laser peak intensity and explosion patterns of a droplet a priori at which explosion occurs.
In the nano-electrospray laser deposition process, droplets of various nanosuspensions that
don’t explode in mid-air are dispensed on to a silicon substrate where subwavelength structures
and bouncing droplets have been observed. In the second section, an analytical model is presented
for determining the temperature distribution in the substrate by considering the microdroplet as a
ball lens. This lens continuously changes the focus of the laser beam as the droplet travels toward
the substrate. The laser is either defocused or focused on the substrate forming locally decreased
or enhanced heating near the center of the laser beam depending on the distance of the droplet
from the substrate. It is found that the enhancement in heating differs for the nanosuspensions
since their optical properties are different. The subwavelength structures determined from the
post-pulse temperature qualitatively match with the experimental results. The steady end-period
temperature is also compared with the experimentally observed temperature for bouncing droplets
and the temperatures are in good agreement.
Applying the above mentioned models to avoid bad deposition region, thin silica films are
deposited on silicon substrates with uniform and dense distribution by usig the nano-electrospray
laser sintering procedure with the pulsed Nd:YAG laser. High voltage across the electrospray
electrodes ionizes both the suspension and the nanoparticles to make them positively charged. The
microdroplets are then created from the meniscus and drip on the silicon substrate where the laser
beam of Bessel distribution heats up the microdroplets to evaporate the liquid of the microdroplets
and sinter the nanoparticles on the silicon substrate. The adherence of the nanoparticles to the
substrate is examined by cleaning the deposited sample in an ultrasonic bath. The microstructures
and the chemical components of the film are evaluated using scanning electron microscopy (SEM)
and Energy-dispersive X-ray spectroscopy (EDS), respectively.
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Figure 4.1: Schematic of the experiment. Nanoparticle suspension is supplied through the capillary
tube and drip down as microdroplets. The Nd:YAG laser beam goes through an axicon lens, a
biconvex lens and is focused by a parabolic mirror on the substrate. A Phantom v12.1 high-speed
camera focused near the substrate captures the droplet behavior within the diffraction-free range
of the Bessel beam.
4.1 Volumetric laser heating of nanosuspension microdroplets: slow evaporation to mid-air
explosion
This section develops an analytical model supported by experiments to predict the slow
evaporation and/or explosive behaviors of droplet suspensions with different optical properties at
a given laser intensity.
4.1.1 Experiment setup
The nanoparticle suspension is delivered through the capillary tube from the syringe pump
at a constant flow rate of 20µL/min (Fig. 4.1). The capillary tube penetrates through a hole in
the parabolic mirror. The distance between the tip of the capillary tube to the substrate is kept
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Table 4.1: Fluid properties, optical properties and thermophysical properties of different nanoparti-
cle suspensions at wavelength λ = 1064nm. The thermal properties of SDS, Ge5, Ge10 and Ag20



























Ag20 1.153 1.71 ± 0.03 47.2 ± 0.1 6 100 1.377 10.05-10.49 2.43-2.54
Ge10 1.130 1.95 ± 0.02 47.6 ± 0.1 35 7.70 1.358 1.70-1.77 0.42-0.43
Ge5 1.064 1.56 ± 0.01 47.5 ± 0.1 42 4.17 1.340 1.16-1.18 0.28-0.29
SDS 1.000 1.10 ± 0.01 49.8 ± 0.1 48 0.20 1.330 0.60 0.14
at 8mm, and a high voltage ranging from 2.8kV to 3.3kV is supplied for different suspensions.
A high electric field between the capillary tube and the silicon substrate is formed and creates a
conical meniscus at the tip of the capillary tube, forming ∼ 100µm diameter microdroplets. A
pulsed infrared laser (wavelength, λ = 1064nm, pulse width, ton = 170ns, laser repitition rate,
f = 30kHz) passes through an axicon lens and a biconvex lens which creates a hollow beam. This
beam is reflected by a parabolic mirror, focusing the conical beam on a silicon substrate. At the
substrate, the original Gaussian laser beam is converted to a Bessel beam pattern with a 0.52mm
spot diameter and a diffraction-free range of 0.5mm [122]. A Phantom v12.1 high-speed camera is
focused near the silicon substrate to capture the microdroplet behavior within the diffraction-free
range of the laser. The speed of the camera varies from 6300 frames per second (159µs interval)
with 1280x800 resolution to 341000 frames per second (2.93µs interval) with 64x64 resolution for
capturing high resolution and time resolved sequence.
The specific objective is to test the behavior of four different droplet suspensions [20wt%
silver nanoparticle suspension (Ag20), 10wt% germanium nanoparticle suspension (Ge10), 5wt%
germanium nanoparticle suspension (Ge5) and 8mM SDS solution (SDS)] of 100 µm diameter
ejected from the piezoelectric capillary needle towards the Si substrate illuminated by pulsed in-
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Figure 4.2: Schematic of pulsed Nd:YAG laser beam illuminated on the droplet of nanoparticle
suspension falling down to the substrate within the diffraction-free range. The hollow beam fo-
cused by the parabolic mirror forming a Bessel beam near the substrate. (a) When the droplet falls
down with an average speed of 2m/s, it is illuminated by this Bessel beam of a pulse on-time,
ton = 170ns for each pulse period, tp = 33.3µs periodically. (b) The laser beam is refracted and ab-
sorbed by the droplet simultaneously when it passing through the droplet, which can be described
and modeled by using a 2D spherical coordinates in radial distance r and polar angle θ .
4.1.2 Analytical model
This previously unreported experiment in droplet explosion is due to the optical properties
of the suspension. To verify the results from the experiments, an analytical transient heat conduc-
tion model is developed to calculate the temperature distribution in the microdroplet under a pulsed
Bessel beam. As shown in Fig. 4.2, this pulsed Bessel beam illuminates the falling microdroplet
vertically and concentrically and induces possible droplet explosion in the diffraction-free range.
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The spatial and time distribution of the laser intensity is written as:
I(r,θ , t) = I0J20(krr sinθ)Φ(t) (4.1)
where r and θ represent the radial distance and polar angle of the spherical coordinates used in
this problem, respectively. I0 is the peak intensity of the laser placed on top of the droplet center.
J0 is the Bessel function of the first kind of zero order. kr is the radial wave vector given by
kr =
√
(2π/λ )2− k2z , where kz is the wave vector in the laser propagation direction and λ is the
wavelength of the laser. kr is taken as 2π/λ in this study at the diffraction-free region of the Bessel
beam. The envelope of the Bessel beam intensity maxima decreases radially in inverse proportion
to krr. The central high intensity spot reduces to its minimum possible diameter 0.77λ when











with np = 1,2,3, · · · is the total number of pulses irradiating on the droplet, ton and tp are the time
for which the pulse is on and the laser period (pulse on + pulse off) respectively.
As the droplet falls, the effect of flow inside is neglected. The droplet shape is also assumed
to be spherical. With no convection, the current model conservatively predicts the least power at
which explosion occurs. At any power below the predicted power of the model, explosion is not
expected to occur.
The droplet is semi-transparent and the laser thermal effect to the droplet is modeled as a
volumetric heating source inside the droplet. The governing equation, boundary conditions and
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T (θ = 0) = finite (4.6)
T (θ = π) = finite (4.7)
T (t = 0) = Tamb (4.8)
where Tamb is the ambient temperature set to be 20◦C and g is the energy generation inside the
droplet due to laser whose calculation is shown below.
The schematic of laser propagation across the microdroplet is shown in Fig. 4.3. The laser
beam propagates downward vertically and gets refracted at the droplet top surface. With the beam
propagating inside the microdroplet, its laser energy is absorbed by the droplet along the whole
laser path which results in internal heating.
To find out the internal heating or energy generation inside the microdroplet, g, consider
an arbitrary laser beam shining at a point Q(r0,θ1) on the microdroplet top surface, where θ1
corresponds to the incidence angle. This laser beam is refracted by the droplet with refractive
angle, θ2 and passes through a point P(r,θ) inside the droplet. By applying Snell’s law [118], the
relationship between θ1 and θ2 can be expressed as:




where nair represents the refractive index of the air which is 1.0003 and ndrop represents the re-
















Figure 4.3: Schematic of laser propagating inside the microdroplet.
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refractive index.
Knowing the coordinates of the point P, (r,θ), the droplet radius, r0, and the refractive







Substituting Eq. (4.9) into Eq. (4.10),
r0
r













Extending the line QP to intersect the axis of symmetry of the droplet and defining the
distance from this intersection to the droplet center as r2, the ratio of r2 and r0 can be found by





(n2r −1)+ cos2 θ1 + cosθ1
n2r −1
(4.13)













r2 > r0 represents no laser beam intersection in the droplet which requires:
1√
n2r −1




In the current case, the maximum microdroplet refractive index is for Ag20, giving nr =
1.377 <
√
2, thus the energy generation in the droplet can be calculated by geometric optics. By
considering the reflectance and refraction of the droplet and applying Beer-Lambert law [124], the
laser intensity at point P(r,θ) can be expressed as:




While the energy generation g(r,θ) is obtained by taking the derivative of IP in the minus r1
direction:







where R and γ represent the reflectance and absorption coefficients of the microdroplet which are
listed in Table 4.1. θ1 = θ1(r,θ) which can be found from Eq. (4.11) by implicitly knowing r and

















1(krR0)] f · ton
(4.18)
where P, f and ton are the power, repetition rate and pulse on-time of the laser. R0 is the laser spot
radius. ρ and φ are the radial and azimuthal coordinates in polar coordinates used to describe the
Bessel laser beam profile, where ρ = r sinθ .
The governing equation, boundary conditions and initial condition are non-dimensionalized
by µ = cosθ , r∗ = r/r0, t∗ = αt/r20 and T
∗ = (T −Tamb)/(T0−Tamb), where r0 = 50µm is the
radius of the microdroplet, α is the thermal diffusivity, T0 = 100◦C is the saturated temperature
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T ∗(r∗ = 0) = finite (4.20)(






T ∗(µ = 1) = finite (4.22)
T ∗(µ =−1) = finite (4.23)















A new variable V ∗ = r∗
1
2 T ∗ is defined for solution of Eq. (4.19). The modified governing
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V ∗(µ = 1) = finite (4.31)
V ∗(µ =−1) = finite (4.32)
V ∗(t∗ = 0) = 0 (4.33)
The integration pair in θ direction is [125]:






Pn(µ)V ∗(r∗,n, t) (4.34)
V ∗(r∗,n, t) =
∫ 1
µ ′=−1
Pn(µ ′)V ∗(r∗,µ ′, t) dµ ′ (4.35)
where Pn(µ) is the Legendre polynomial of the first kind of degree n, N(n) is the norm of Legendre









Apply the integration ×
∫ 1
µ ′=−1 Pn(µ
′) dµ ′ to the governing equation Eq. (4.28), boundary
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Pn(µ ′) dµ ′ (4.41)














′)V ∗(r∗′,n, t) dr∗′ (4.43)
where Jn+ 12 (λnm) is the Bessel function of the first kind of order n+
1
2 , N(λnm) is the norm of
the Bessel function of the first kind of degree n+ 12 corresponding to the convection boundary














And λnm is the eigen value of the eigen function in r direction, Jn+ 12 (λnmr
∗), which is determined
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by substituting Jn+ 12 (λnmr













=⇒ (Bi+n)Jn+ 12 (λnm)−λnmJn+ 32 (λnm) = 0
(4.45)








+λ 2nmṼ ∗ = g̃∗Φ
∗ (4.46)








Duhamel’s theorem [125] is applied to solve Eq. (4.46) with its initial condition Eq. (4.47).
An auxilliary equation is set as below with same initial condition:
dX
dt∗
+λ 2nmX = g̃∗ (4.49)
X(t∗ = 0) = 0 (4.50)


















Finally, the final solution for dimensionless temperature distribution in the droplet is ob-
tained by applying the inverse integral transformations [125], Eq. (4.42) and Eq. (4.34) to Eq. (4.52)
and divided by r∗
1
2 successively:










































In summary, by applying integral transformation [125], The dimensionless temperature in
the droplet can be solved as:















λ 2nm ·Ṽ ∗(λnm,n, t∗)




where λnm is determined from Eq. (4.45), and






















′)×Pn(µ ′)g∗(r∗′,µ ′) dµ ′dr∗′ (4.57)
where g∗ is defined by Eq. (4.25)
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4.1.3 Results and discussion
At a laser repetition rate of 30kHz, the laser power is increased gradually from P = 0W
to P = 50W. At different laser power, slow evaporation and mid-air explosion occur in the Ag20
droplet sequentially.
The thermophysical properties, such as thermal conductivity and thermal diffusivity of the
droplets used in the calculation are the medians, which are listed in table 4.1. The temperature
distribution in majority of the droplets falls in the ranges of 20◦C, 20− 40◦C, 20− 60◦C and
20− 300◦C for SDS, Ge5, Ge10 and Ag20 droplets, respectively. The thermophysical properties
are appropriately calculated.
4.1.3.1 Slow evaporation
When the laser power P reaches 9W, illuminated in the diffraction-free range, the Ag20
droplet is observed to vaporize in mid-air.
As shown in Fig.4.4, the sequence of Ag20 droplet slow evaporation in the laser diffraction-
free range is captured by the high-speed camera at 181,800 frames per second (5.5µs interval) and
2µs explosure time. After 16.65µs, the Ag20 droplet starts to vaporize with a diameter reduction
from 92µm to 55µm. For the other droplet suspensions, the dramatic decrease in diameter is not
observed at any time.
From 0µs to 16.65µs, no significant change in droplet diameter is observed, which indi-
cates that the evaporation is weak and its effect on temperature distribution is neglected.
The temperature distribution in Ag20 droplet for I0 = 4 GW/cm2, corresponding to laser
power of 9W at 30kHz repetition rate, is evaluated by the analytical model. By substituting I0,
reflectance, absorption coefficient as well as the refractive index for Ag20 from 170ns to the evap-
oration inception time of t = 16.65µs into Eq. (4.55), the maximum temperature and temperature
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Figure 4.4: The time sequence of the Ag20 droplet before it hits the substrate. Slow evaporation is







Figure 4.5: Maximum temperature in Ag20 droplet with I0 = 4GW/cm2 corresponding to Ag20
droplet slow evaporation (P = 9W, repetition rate = 30kHz) at different times prior to significant
drop size reduction with temperature distribution in Ag20 droplet at 1.83µs, 5.55µs, 11.1µs and
16.65µs, respectively. Ag20 droplet diameter = 100µm.
The highest temperature in the Ag20 droplet, which appears at the top center, drops from
859◦C to 78◦C, forming no vapor or bubble inside the droplet since the boiling point is not reached
at the evaporation inception time. The change in drop size at different times is not captured by this
model.
4.1.3.2 Mid-air explosion
When the laser power is less than 6.5W, there is no droplet explosion for any of the four
nanosuspensions, and each of the droplets enters the diffraction-free range between 0µs and 159µs,
and settles down on the substrate at 319µs (Fig. 4.6a). However, as the laser power is increased
to 30W (Fig. 4.6b), Ag20 droplet explodes in midair at the laser intersection in the diffraction-free
range, while the other three types of droplets settle down on the substrate without exploding. Note
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(a) P = 6.5W, no explosion





(b) P = 30W, Ag20 explosion
Laser pulse on at t = 0µs
Ag20 Ge10 Ge5 SDS
t=159𝜇s
t(  s)µ -1.1 1.83 4.760
protrusion explosion
(c) Pre-explosion phases of Ag20 droplets
(d) Time resolved shapes of SDS droplets
t(  s)µ -1.1 1.83 4.760
100𝜇m
Figure 4.6: Droplet behavior of different nanoparticle suspensions under low and high laser pow-
ers. The left scale bar is for (a) and (b) and the right scale bar is for (c) and (d). (a) Time sequence
for all types of nanoparticle suspension under laser power to be 6.5W. No explosion for all kind
of droplets. (b) Droplet behaviors for all types of nanoparticle suspension illuminated by laser
with 30W power. Only Ag20 droplet encounters explosion in mid-air. (c) Ag20 droplet explosion
sequence under 30W laser power for a time interval of 2.93µs. The time axis on top of the droplet
with the laser pulse indicator shows the time at which the laser beam illuminates the droplet. (d)
Time resolved shape of SDS droplet under 30W laser power for a time interval of 2.93µs. The
time axis on top of the droplet with the laser pulse indicator shows the time at which the laser
beam illuminates the droplet. Time resolved shapes of Ge5 and Ge10 droplets are similar to that
of SDS.
from Table 4.1 that Ag20 has lower reflectance and higher absorption coefficient, which tends to
increase the energy absorption in the droplet leading to explosion. This will be quantified later
using a conduction model.
The explosion sequences for Ag20 droplet show the three images of an unaffected droplet
at −1.1µs prior to illumination, an image at 1.83µs with a slight protrusion and lastly an image at
4.76µs at the onset of explosion (Fig. 4.6c). This indicates that the delayed time prior to explosion
when bubble growth inside the droplet occurs is∼1.83µs. The delayed explosion time is due to the
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Figure 4.7: Ag20 droplet explosion regime map. The experiments were done at a repetition rate of
30kHz. The experimental images of droplet explosion are shown on top in black. The analytical
model predictions of vapor generation are shown at the bottom in blue and orange. Laser power, P
increases in experiments gradually to conduct different explosion patterns for Ag20 droplet, while
I0 corresponding to P is calculated and used in analytical model to find out the explosion region in
Ag20 droplet.
dynamics of bubble growth in the microdroplet [61]. Nucleation occurs when the boiling condition
is reached in the droplet, and bubbles grow in size only if sufficient heat is supplied. It is assumed
that the droplet explodes when a critical number of bubbles of critical size form in a finite time
t [65]. This delayed explosion time scale is measured in a laser-heated droplet experiment and the
delayed explosion time in our study agrees with their time scale [65]. The high-speed capture of
explosion for Ag20 droplet in our experiment clearly shows that a single laser pulse is sufficient
for droplet explosion.
The high-speed capture of time resolved SDS droplet shape is shown in Fig. 4.6d and it
clearly shows that no explosion occurs for this droplet even at 30W laser power. The Ge5 and
Ge10 droplet time resolved shapes are also similar to that of SDS.
I0 is increased from 0 to 22.3GW/cm2 corresponding to P increasing from 0 to 50W with a
repetition rate of 30kHz. Four different types of explosion patterns for Ag20 droplet are observed
(labeled in different color in Fig. 4.7): shallow, deep, directional and isotropic explosion separated
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Figure 4.8: Maximum temperature and temperature distribution in Ag20 droplet with I0 increasing
to 15GW/cm2 at time 1.83µs after one pulse. The maximum temperature of the entire droplet
appears at the center of top surface. Obviously, higher I0 leads to higher maximum temperature.
The super heated region is shown in range in the simulations. Ag20 droplet diameter = 100µm.
directional explosion and isotropic explosion are 4.4GW/cm2, 7.2GW/cm2, 13.4 GW/cm2 and
17.8GW/cm2 respectively. In shallow explosion regime, the droplet explosion region is shallow
and moves from the top to the center. For deep explosion regime, the explosion pattern is deep,
with the expansion moving further from the center to the bottom. For directional explosion regime,
the explosion is directional from top to bottom penetrating along the droplet axis. For isotropic
explosion regime, the droplet explodes violently and isotropically from the droplet interior, and
breaks up into fragments in all directions.
By substituting I0, reflectance, absorption coefficient as well as the refractive index for
Ag20 to Eq. (4.3) with the initial bubble formation time t = 1.83µs into Eq. (4.55), the temperature
distribution in Ag20 droplet under different I0 is calculated (Fig. 4.8).
Superheating is shown to occur in experiments due to laser pulsed heating as well as in an-
alytical modeling which leads to the explosion of the droplet with I0 ≥ 4.4GW/cm2. Superheating
of 110◦C (Tth = 210◦C) under atmosphere, corresponding to Park et al.’s experimental observation
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is set to be the vapor formation threshold in the droplet [61]. The region with T > Tth is considered
to be the vapor region where the minimum saturated pressure reaches 1.9MPa, which corresponds
to droplet explosion (Fig. 4.7). The experimental and predicted explosion patterns of the Ag20
droplet are shown together in Fig. 4.7. By considering 110◦C superheat as the explosion threshold,
the analytically predicted Ag20 explosion pattern matches the experimental results very well.
The theoretical modeling results displaying vapor formation in Ag20 droplet (Fig. 4.7)
capture the depth of vapor penetration within the droplet at different laser peak intensity and predict
the experiments very well. The Ag20 droplet explosion patterns are aligned well with the vapor
regions although the asymmetry cannot be predicted by the model. When no vapor region is
predicted by the model, no explosion occurs in the experiment as well. Vapor develops as a small
region at the top and penetrates to the bottom of the droplets. This represents the transition from
shallow explosion to deep explosion, then to directional and isotropic explosion in sequence as the
laser intensity is increased.
The experimental results for three other droplets display no explosion after a single pulse
or eight pulses in the laser diffraction-free range for different laser peak intensities. Due to their
high reflectance and low absorption coefficients (Table 4.1), these droplets simply settle down on
the substrate as a thin film without exploding. In the theoretical model, this can be investigated
by plotting the maximum temperature as well as their temperature distribution after eight pulses at
different laser peak intensities, I0 (Fig. 4.9).
Shown in Fig. 4.10, the maximum temperature for each type of droplet increases linearly
with I0, however, the maximum temperatures in Ge10, Ge5 and SDS droplets do not reach the
threshold temperature for explosion, 210◦C [61], even for I0 = 22.3GW/cm2 which corresponds
to laser power of 50W, and hence these droplets do not explode. While under the same I0, Ag20
droplet, which has low reflectance and high absorption coefficient, reaches ∼1000◦C and shows
a high propensity to explode. Among these four types of droplet, only Ag20 displays the vapor
region at I0 = 13.4 GW/cm2 (30W), matching the experimental results shown in Fig. 4.6.
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Figure 4.9: Maximum temperature and temperature distribution in Ge10, Ge5 and SDS droplets
with I0 increasing to 15GW/cm2 at time 268.47µs corresponding to 1.83µs after eight pulses. The
maximum temperature of the entire droplet appears at the center of top surface. Maximum tem-
perature and temperature distribution increase with I0, but the super heated region is not observed
and therefore the explosion is not predicted for these 3 droplets. All droplet diameters are 100µm.
The complex energy generation expression in the droplet, g(r,θ), can be simplified dra-
matically as gs(r,θ) by not considering the effect of refraction which also reduces the calculation
time for temperature distribution. Thus gs(r,θ) can be expressed as:






θ − r cosθ (4.59)
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Figure 4.10: Maximum temperature plots for all four types of droplet. Only the maximum tem-
perature in Ag20 droplet goes beyond the threshold temperature for explosion Tth = 210◦C. Other
droplets shows maximum temperature less than 80◦C and thus no explosion is predicted. Ag20
droplet diameter = 100µm.
Temperature distribution along droplet axis in Ag20 droplet for I0 = 13.4GW/cm2 at time
t = 1.83µs with or without considering the refraction of the laser is plotted in Fig.4.11 for com-
parison. It shows a similar temperature distribution at the droplet axis where the explosion occurs
since the incidence angle near the droplet axis is small and the effect of refraction is weak.
In fact, the temperature distribution nearby the droplet axis is similar with or without con-
sidering the refraction of the laser due to the small incidence angle. It can be shown from tem-
perature distributions in Ag20 droplet for I0 = 13.4 GW/cm2 at time t = 1.83µs with or without
considering the refraction of the laser in Fig.4.12. However, near the bottom surface of the droplet,
model with refraction gives more realistic distribution since the incidence angle in these area are
large and effect of refraction plays a role. For the purpose of accuracy, the analytical model with
63
Figure 4.11: Temperature distribution along the axis of Ag20 droplet by I0 = 13.4GW/cm2 and
t = 1.83µs with or without considering refraction of the laser in the droplet.
refraction is used in this paper, but if finding out the explosion region is the only concern within a
limited time, the temperature distribution without refraction can be a good approximation near the
droplet axis.
4.2 Enhanced laser heating of silicon substrate by microdroplet ball lens of nanoparticle
suspension
In this section, an analytical two-dimensional, transient heat conduction model is developed
in the present paper, to predict the temperature distribution in the substrate due to Bessel laser heat-
ing during the NELD process. A pulsed Nd:YAG laser of 1064nm wavelength is illuminated on
a silicon substrate through microdroplets of different nanoparticle suspension as the droplets fall
down onto the substrate. The microdroplet serving as a ball lens focuses the laser beam on the












Figure 4.12: Temperature distribution for Ag20 droplet with I0 = 13.4GW/cm2 and t = 1.83µs.
Ag20 droplet diameter = 100µm. (a) With considering refraction of the laser in the droplet. (b)
Without considering refraction of the laser in the droplet.
ously changes as the distance between the droplet and substrate decreases. Consequently, enhanced
heating can occur at the center of the laser beam, resulting in subwavelength structures on the sub-
strate. The predictions of the analytical solution are verified using experimental results on different
droplets impinging on a silicon substrate.
4.2.1 Methodology
The analytical solution for the model of this study is presented in this section. Shown
in Fig. 4.13 is the schematic of the model and the axisymmetric cylindrical coordinate (r′,z′)
system used to describe the laser propagation as well as the axisymmetric cylindrical coordinate
(r,z) system used to calculate the temperature distribution in Si substrates. With the nanoparticle
suspension droplet falling down, the pulsed Nd:YAG laser is refocused by the droplet and the
laser irradiance on the substrate changes continuously. The radius and speed of each droplet are
















Figure 4.13: Schematic of a laser passing through a droplet and heating a substrate in a cylindrical
coordinate system. Center of the laser is aligned with the center of the droplet and center of the
Si substrate at r = 0. The laser is distributed in the r′ direction and propagating in the z′ direction.
The droplet is described by spherical coordinates with radial distance ρ∗ and polar angle θ .
results [17] that are used in this study for model verification. The substrate is a thin Si wafer of
radius r0 = 25mm and thickness L = 0.4mm in the r and z directions, respectively. The absorbed
laser energy is assumed to be converted to heat instantaneously.
4.2.1.1 A. Bessel beam propagation in microdroplet lens:
The zeroth order Bessel function of the first kind, J0, represents a nondiffracting beam
[127] whose intensity distribution remains the same in every plane perpendicular to the direction
of propagation, z′ axis (Fig. 4.13). This ideal beam is, however, difficult to achieve in practice
due to the diffraction effect of a finite aperture. Indebetouw [128] showed that approximately
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nondiffracting beam can be synthesized using an axicon lens. The intensity distribution of these
nonideal or real beams varies along the z′ axis [129]. This variation is considered very small in
this study since the diameter of each droplet is ∼ 100µm and the laser-droplet interaction occurs
over a very small distance of ∼ 500µm above the substrate surface and, therefore, only the radial
component of the intensity distribution is used in the following analysis. Under this assumption,
the irradiance distribution of a pulsed Bessel beam incident on the top surface of the droplet can
be written as
Iorig(r′, t) = I0J20(kr′r
′)φ(t), (4.60)
where r′ is the radial distance from the center of the beam and t is the time variable for the temporal
shape of the laser pulse. kr′ is the radial wave vector given by kr′ =
√
(2π/λ )2− k2z′ , where kz′ is
the wave vector in the laser beam propagation direction z′ (Fig. 4.13) and λ is the laser wavelength
which is 1064nm in this study. For 0 < kr′ ≤ 2π/λ , the laser is a nondiffracting beam in which the
envelope of the maxima in the intensity distribution (Fig. 4.13) decreases radially and this variation
of the envelope is inversely proportional to kr′r′. The effective diameter of the beam is determined
by kr′ and the central high intensity spot reduces to its minimum possible diameter 0.77λ when
kr′ = 2π/λ . kr′ is taken as 2π/λ in this study. φ(t) is the temporal distribution of the irradiance
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(4.61)
where np = 1,2,3, · · · are the total number of pulses irradiating the substrate after passing through
the droplet, ton and tp are the laser pulse on-time and laser period respectively. tp is the sum of the
pulse on and off times. Schematic of φ(t) is shown in Fig. 4.14.
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tp=33.3  sµ 
ton=170ns
Figure 4.14: Schematic of pulsed laser pattern. The period of the laser is tp = 33.3µs, correspond-
ing to 30kHz repetition frequency and the pulse on-time is ton = 170ns.
I0 is the peak intensity of Bessel laser beam incident on the top surface of the droplet and
it can be calculated from the laser power P as:
I0 =
2P









pr f · tonπR2l [J20(krRl)+ J21(krRl)]
, (4.62)
where the laser pulse repetition frequency pr f = 30kHz and the radius of the incident beam Rl =
150µm which correspond to the data used in the Nano-Electrospray Laser Deposition experiment
[17].
The laser refraction due to the droplet is shown in Fig. 4.15. When the distance between
the droplet and the substrate surface, H(t), is larger than the diameter of the droplet, the laser
intensity distribution refracted by the droplet can be calculated by using the following equations.
The incidence angle for laser ray at win = ρ∗0 sinθ1 is θ1. The reflected angle can be written as




































Figure 4.15: Schematic of laser refraction by a droplet.
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And the laser intensity at this point can be expressed as:





d(θ2) = 2ρ∗0 cosθ2. (4.65)
When the distance between the droplet and the substrate surface, H(t), is less than the











where Rd and η are the reflectance and absorption coefficients listed in Table 4.1. ρ∗0 represents
the radius of the droplet, and winc is the laser incidence radius assumed to be 150µm. wc is the























4.2.1.2 B. Effect of microdroplet lens on the substrate temperature:
The modified irradiance distribution caused by the microdroplet lens is used to determine
the temperature in a substrate which is assumed to be initially in the ambient temperature, Tamb =
25◦C. The laser irradiance on the substrate is assumed to be a direct heat flux into the substrate.
The substrate is considered to be sufficiently large in the radial direction so that the temperature
at the edge of the substrate can be approximated to be Tamb which is in good agreement with
a convective boundary condition [88]. The governing equation, boundary conditions and initial
condition for the temperature, T (r,z, t), in the substrate can be written as follows in terms of the























BC2 : T ∗(r = r0) = 0, (4.73)











= (1−Rs)I(r, t), (4.75)
IC : T ∗(t = 0) = 0. (4.76)
Here, the thermal diffusivity α = 0.8cm2/s, the thermal conductivity k = 119 Wm·K and the reflectiv-
ity Rs = 0.3 for Si [131]. The overall heat convection coefficient is taken to be h = 100 Wm·K within
the natural convection coefficient range of h = 10−1000 Wm·K .
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Equation (4.71) is solved using the following finite medium Hankel transform [125] pairs
in the radial direction: 
T ∗(ηi,z, t) =
∫ r0
r′′=0
r′′J0(ηir′′)T ∗(r′′,z, t) dr′′,








where ηi is the i− th eigenvalue, which is determined by Eq. (4.73) as J0(ηir0) = 0, and N(ηi) is











The governing equation (4.71), boundary conditions (4.74) and (4.75) and initial condition





















z=0 = I(ηi, t), (4.81)





r′′J0(ηir′′)I(r′′, t) dr′′. (4.83)
Equation (4.79) is solved using the following finite medium Fourier transform [125] pairs
in the z-direction: 
T̃ ∗(ηi,β j, t) =
∫ L
z′′=0
Z j(z′′)T ∗(ηi,z′′, t) dz′′,






T̃ ∗(ηi,β j, t),
(4.84)
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where Z j(z) is the eigenfunction,




with the eigenvalue β j given by
tan(β jL) =
2hβ j
kβ 2j − (h2/k)
, (4.86)















Equation (4.79) and initial condition (4.82) can be expressed as follows in terms of the
Hankel–Fourier transform temperature T̃ ∗(ηi,β j, t):









T̃ ∗(ηi,β j, t = 0) = 0. (4.89)







−α(η2i +β 2j )(t−τ) dτ. (4.90)
The inverse Fourier transforms is applied to Eq. (4.90) to obtain T̃ ∗(ηi,β j, t) and then the
inverse Hankel transform is applied to T ∗(ηi,z, t) to determine T ∗,

















Figure 4.16: Laser peak intensity on Si substrate for different nanoparticle suspension droplets
during transit from the diffraction-free zone to the substrate.
The actual temperature distribution in the substrate is obtained using the relation T = T ∗+
Tamb, which is used to analyze the effect of the microdroplet lens on laser heating of the substrate.
4.2.2 Results and discussion
The perturbed irradiance distributions of the laser on the Si substrate are shown in Fig. 4.16
at different times, i.e., for different heights of the droplets from the substrate. The laser is defocused
on the substrate when the droplets just enter the diffraction-free region around the apex of the laser
cone at t = 0. The peak intensity, I0, on the substrate decreases compared to the peak intensity of
the laser beam incident on the top surface of the droplet. This perturbation in the intensity is due
to the absorption and refocusing by the droplets. In addition, the height of the droplet bottom from
the substrate surface, H(t) decreases as the droplets drop at the speed of 2m/s, and consequently,
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Figure 4.17: Laser intensity profile on the Si substrate for Ag20 droplets at different transit times.
the focal spot size on the substrate gradually decreases to yield a maximum I0 when the droplet
bottom is 41.5− 50 µm above the substrate. This height depends on the optical properties of the
nanoparticle suspension droplets, such as the refractive index and absorption coefficient as listed
in Table 4.1.
In addition to altering the peak intensity, the droplet lens modifies the spatial profile of the
laser irradiance distribution. Shown in Fig. 4.17 are the laser profiles on the substrate at different
times for Ag20 droplets. When t < 180 µs, the laser profile is stretched due to defocusing by the
Ag20 droplet. When t > 203 µs, the peak intensity obtained on the substrate with the droplet is
larger than the peak intensity without any droplet. This result indicates that enhanced heating can
occur around the center (r = 0) of the laser spot.
The temperature at the laser spot center is calculated for the laser power, P = 9W , to deter-
mine the enhancement in heating due to different suspension droplets. The convection coefficient
h and the reflectance of substrate Rs are set to be 105W/mK and 0.6, respectively, to introduce
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(a)  Without Droplet
(d)  Ge5
(e)  Ge10 ( f )  Si5
(b)  Ag20
(c)  SDS
Figure 4.18: Laser induced maximum temperature on Si substrates vs time with and without
nanoparticle suspension droplets for P = 9W , h = 105W/mK, and Rs = 0.6.
the decrease in laser heating of the Si substrate due to the liquid in droplets on the Si surface.
Figure 4.18 compares the temperature at r = 0 as a function of time when the droplet is absent or
present in the path of the laser beam. A steep increase and decrease in temperature can be observed
for all cases during each period of the pulse. The temperature rises rapidly due to the rapid heating
during the laser pulse-on time, ton = 170ns. During the pulse-off time, the heat diffuses rapidly in

































Figure 4.19: Temperature profiles in an Si substrate induced by laser through nanoparticle suspen-
sion droplets at transit time t = 233.5 µs for P = 9W , h = 105W/mK, and Rs = 0.6. (a) Ag20, (b)
SDS, (c) Ge5, and (d) Ge10.
For direct heating of the substrate without any droplet, however, the peak temperature re-
mains the same for all pulses [Fig. 4.18(a)]. For transit time t ≤ 180 µs, i.e., when the droplet
is more than 140 µm above the substrate, the laser beam is defocused and consequently the sub-
strate temperature is lower than the direct heating case [Fig. 4.18(a)] for all cases. For transit
time t ≥ 203 µs, i.e., when the droplet is less than 100 µm above the substrate, the laser beam
is refocused and consequently the substrate temperature is higher than the direct heating case
[Fig. 4.18(a)] for all cases. This defocusing and refocusing effects cause the reduction and en-
hancement in the laser intensity as shown in Fig. 4.16. Also, the above transit time limits exhibit
an interval of 23 µs because the droplets of different optical properties refocus the laser beam at
different times (Fig. 4.16).
Eduardo et al. [17] created subwavelength holes of average sizes 100, 500, and 800nm on Si
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substrates using SDS, Ge5, and Ge10 droplets, respectively, a laser power of 9W on each droplet.
The temperature distributions are plotted in Fig. 4.19 for these three and Ag20 droplets at transit
time t = 233.5 µs, which is just after the seventh pulse and before the droplet impingement on
the substrate. Ag20, Ge10, Ge5, and SDS droplets have absorption coefficients in the descending
order as listed in Table 4.1, and all of these droplets focus the laser to enhance heating as illustrated
in Fig. 4.18. Due to their different absorption coefficients, the local enhancement in laser heating
varies. Ag20 droplets absorb more laser energy due to their higher absorption coefficient than the
other three types of droplets. Less laser energy, therefore, exits the Ag20 droplets, resulting in
lower temperatures of the substrate than the other three cases as shown by the color temperature
maps in Fig. 4.19. Figures 4.19(b)–4.19(d) show the Si melting temperature isotherm 1414◦C
above which the material is considered to vaporize in this study to form a hole in the substrate. The
Ag20 sample in Fig. 4.19(a), on the other hand, does not exhibit the isotherm 1414◦C, indicating
no hole formation in this sample. This prediction is in agreement with the experimental observation
[132] of no holes in the Si substrate for the case of Ag20 droplets.
For the other samples in Fig. 4.19, the isotherm 1414◦C is deeper for the Ge10 sample and
progressively becomes shallower for Ge5 and SDS samples. The hole sizes in this figure are 60,
1500, and 2500nm for SDS, Ge5, and Ge10, respectively, while the corresponding experimental
data5 are 100, 500, and 800 nm. The theoretical and experimental hole sizes are comparable for
the SDS sample, but the sizes differ significantly for the other two samples. This discrepancy may
be due to the same liquid convection coefficient, 105W/mK, used for these cases. The liquid con-
vection coefficient of 105W/mK may be applicable to the SDS droplets. However, Ge5 and Ge10
droplets contain 5 and 10wt% germanium nanoparticles, respectively, and the thermal conductiv-
ity of these nanoparticles is expected to increase the overall liquid convection coefficient higher
than 105W/mK. The usage of 105W/mK, therefore, underestimates the convection heat loss and
overestimates the laser heating of the substrate, resulting in a deeper melting isotherm and larger
hole size.
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Figure 4.20: Temperature profile on the Si substrate surface at different times with laser power
P = 22W . The time is picked at the end of the pulse period.
When the laser power is increased from 9 to 22W , the droplets are observed to bounce
back to air from the substrate, known as the Leidenfrost effect, where the surface temperature
plays an important role. Compared to the laser pulse repetition frequency, pr f = 30kHz, the
droplet frequency, i.e., the number of droplets delivered to the substrate per unit time, is much
less ( fdrop = 420Hz), which indicates that the laser illuminates the substrate most of the time
without passing through any droplet. The temperature profiles on the substrate surface are plot-
ted in Fig. 4.20 at different times. Each profile is calculated at the end of one period (pulse-on
time + pulse-off time) of the pulse train to allow the maximum relaxation time for the thermal
energy to diffuse in the substrate. This procedure yields the minimum temperature profile, called
the end-period temperature, which increases with time when more and more pulses illuminate the
substrate. Eventually, the temperature reaches a steady state when the input laser energy is equal
to the diffusion loss of thermal energy, which is found to occur at t ≥ 0.05s in this study.













Figure 4.21: Comparison between analytical solution and experiments for substrate surface tem-
perature vs absorbed power.
in Fig. 4.21 as a function of absorbed laser power. The experimental data in this figure show that
the droplet bouncing regime (Leidenfrost condition) occurs above the temperature t = 137◦C. The
temperatures predicted by the model in this regime match with the experimental data [132] very
well since the droplets do not form sessile drops on the substrate surface in this regime, and the
analytical model is also based on droplets that do not break into sessile drops. However, Fig. 4.21
shows that the temperatures predicted by the model are less than the experimental temperatures in
the laser heating and boiling regimes. This discrepancy may be ascribed to the existence of sessile
drop on the surface in these two regimes, whereas the model considers only spherical droplets. In
addition, the convection heat transfer coefficient (h) in the model may be slightly higher than that
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of the sessile drop in the experiment.
4.3 Silica film deposition
In this section, NELD is applied to print thin films of silica on top of silicon substrates.
SEM and EDX have been done to show the silica film deposited with lower laser power has better
deposition uniformity, stack of silica nanoparticles and the deposited elements distribution, which
can be explained by the droplet rebound on the silicon substrate due to high laser power induced
Leidenfrost effect [133].
4.3.1 Experiment setup
10wt% nanosuspension of 30nm sized SiO2 nanoparticles is used in our experiment which
was prepared by diluting the commercially purchased 25wt% aqueous colloidal SiO2 suspension
from US research Nanomaterial. The surfactant and dispersant of the original suspension are
sodium dodecyl sulfate and sodium salt of poly-napthalene sulfonic aicd respectively. The diluted
suspension was ultrasonicated at 20kHz for 30 minutes to completely dispurse the nanoparticles
in the solution every time before used for experiments. The density, electric conductivity, vis-
cosity and surface tension of the 10wt% SiO2 nanoparticle suspension are also measured to be
1.129g/mL, 552µS/cm, 1.12cP and 69.9mN/m, respectively, under 22◦C room temperature.
As shown in Fig. 4.22, the prepared silica nanoparticle suspension is delivered through the
capillary tube by a syringe pump with constant flow rate of 30− 100µL/min. The capillary tube
penetrates through the hole in the parabolic mirror with its tip aligned at 8mm above the center of
the circular electrode. The high voltage, ranging from 2.8kV to 4.0kV, is charged to the capillary
tube and the annular electrode as well as the silicon substrate that is 5mm below are connected
to the ground. The inner diameter, outer diameter and the thickness of the annular electrode are
4.5mm, 38mm and 0.5mm, respectively. Microdroplets with diameter of ∼ 100µm is released
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Figure 4.22: Silica nanaoparticle film deposition experiment setup. Silica nanoparticle suspension
is delivered through the capillary tube and drips down as microdroplets with the high voltage ap-
plied. The Nd:YAG laser goes through an axicon lens, a biconvex lens and is focused by a parabolic
mirror on the substrate. A Phantom v12.1 high-speed camera is set to capture the deposition pro-
cedure.
from the conical meniscus at the tip of capillary tube due to the high electric field in between the
capillary tube and the circular electrode. A Gaussian beam of pulsed Nd:YAG laser with 1064nm
wavelength, 170ns pulse width and 30kHz repetition rate passes through an axicon lens, a convex
lens to form a hollow beam which is then focused by a parabolic mirror on the silicon substrate as
a Bessel beam of 0.52mm spot diameter to evaporate the liquid in the microdroplets and sinter the
silica nanoparticles on the silicon substrate. The silica film is composed by multiple silica lines that
are deposited next to each other’s with proper line distance. A Phatom v12.1 high-speed camera
is also focused on the sintering region to capture the sintering procedure. Quality of the thin film
silica deposition depends on a number of parameters mentioned above, i.e., the flow rate of the
silica nanoparticle suspension, applied voltage, scanning speed of the substrate, laser power and
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SS01 130 4.8 2 46 0.5 0.69
SS02 130 5 3 46 0.5 0.69
SS13 30 2.9 20 27 0.5 0.21
SS15 60 3.65 20 27 0.32 0.21
SS20 50 3.3 20 20 0.16 0.21
the distance between the deposited silica lines. Therefore, to get good silica film deposition, several
samples are made by using different deposition parameter and Optimization is done by analysing
all of these processing parameters and samples. The processing parameters of the typical samples
are also listed in Tab. 4.2.
4.3.2 Results and discussion
All the experiment samples shown in table 4.2 can be grouped into three different set,
i.e., group 1: SS01 + SS02, group 2: SS13 + SS15 and group 3: SS20, based the laser power
applied for deposition. For group 1, SS01 and SS02 are deposited under the same inner diameter
of the capillary tube, 0.69mm (19 Gauge), same fixed flow rate of silica nanoparticle suspension,
130µL/min and the same deposited line distance, 0.5mm. While for group 2 and group 3, they are
deposited under the same optimized inner diameter of the capillary tube, 0.21mm (27 Gauge) and
the same optimized scanning speed, 20mm/s.
Shown in Fig. 4.23 are the silica film depositions on silicon substrate in group 1, SS01
and SS02, respectively. The size of the deposited thin film is approximately 2cm×2cm for both
samples. SS01 is deposited under 4.8kV voltage and 2mm/s scanning speed, while these two
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(a) (b)
Figure 4.23: Images of deposited silica film on silicon substrate for sample (a) SS01 and (b) SS02.
parameters for SS02 are 5kV and 3mm/s, respectively. After their deposition, both samples are
washed using ulatrasonication bath to test the adherence of the deposited thin film on silicon sub-
strate. It can be seen from Fig. 4.23 that massive silica depositions are exfoliated, especially for
SS01, leaving an ununiform silica deposition on silicon substrate.
To figure out the possible reasons for the bad deposition, the Phantom high-speed camera
is applied to capture the microdroplet thermal behavior on the silicon substrate. Shown in Fig. 4.24
are the sequence of the typical microdroplet thermal behaviour when depositing SS01 and SS02,
microdroplet rebounding on silicon substrate. Due to the smooth silicon substrate used in the ex-
periment, both the real microdroplet and its mirrored image are captured by the high-speed camera,
which allows us to detect the droplet bouncing back phenomenon clearly. The microdroplet falls
towards the silicon substrate at t = 0 and touch the substrate at t = 159.41µs. Instead of sticking on
the substrate, the microdroplet bouncing away into the air at t = 318.82µs due to the Leidenfrost
effect induced by the high temperature on the silicon substrate which is caused by the combination
of high laser power and low scanning speed of the substrate [133].
Based on the results and analysis from samples in group 1, the laser power used in sinter-
ing is reduced to 27W and the scanning speed of the silicon substrate is increased to 20mm/s to
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Figure 4.24: Sequence of microdroplet rebounding on silicon substrate. Captured by Phantom
v12.1 high-speed camera with 6273 frames per second and 8.43µs exposure time.
decrease the Leidenfrost effect. The capillary tube is also switched to the needle of 0.21mm inner
diameter for a stabler electric field under lower voltage values. Samples SS13 and SS15 are then
deposited using the above-mentioned parameter and different flow rate, voltage and deposited line
distance.
Shown in Fig. 4.25 are the silica film depositions on silicon substrate in group 2, SS13 and
SS15, respectively. The size of the deposited thin film is approximately 2cm×2cm for SS13 and
2cm×1cm for SS15 due to its lower deposited line distance. SS13 and SS15 are deposited under
2.9kV voltage and 3.65kV voltage, respectively. After their deposition, both samples are washed
using ulatrasonication bath to test the adherence of the deposited thin film on silicon substrate. It
is still seen from Fig. 4.25 that some silica depositions are exfoliated for both samples, leaving
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(a) (b)
Figure 4.25: Images of deposited silica film on silicon substrate for sample (a) SS13 and (b) SS15.
an ununiform silica deposition on silicon substrate. However, compared to SS01, SS15 shows
more uniform silica film deposition, which indicates that the reduced laser power and increased
scanning speed prevents part of the Leidenfrost effect making more silica nanoparticles deposited
on silicon substrate. The stabilized electric field formed by the smaller capillary tube and lower
voltage also helps with better deposition quality. Decreasing the deposited line distance in SS15
also shows more deposited silica nanoparticles on silicon substrate and in turn shows more uniform
deposition.
Optical microscope figures and EDX analysis have also been done for SS13 and SS15 to
observe their deposition qualities. Shown in Fig. 4.26 are the optical microscope images taking
with 10 times eye lens and 50 times objective lens for samples SS13 and SS15, respectively, where
the optical microscope image of SS15 (Fig. 4.26b) shows more dense and more uniform silica
deposition on the surface. EDX analysis was done to study the deposited elements on the silica
substrate as shown in Fig. 4.27. It can be seen that Si, O and Na got deposited on substrate. The
primary source of Si and O atoms is from the SiO2 nanosuspension and Na ion can be traced
back to the surfactant in the solution. The weight percentage of Si and O for SS13 are 64.4% and
35.6%, respectively, while their weight percentage for SS15 are 48% and 52% which are closer to
the component’s percentage of SiO2 (46.7% Si and 53.3% O). The higher weight percentage of Si
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(a) (b)
Figure 4.26: Microscope images of deposited silica film on silicon substrate for sample (a) SS13
and (b) SS15.
component in SS13 should come from the uncovered silicon substrate surface that is located along
the scanning path. Such difference in components between SS15 and SS13 can also depict that the
silica deposition in SS15 is denser than it in SS13.
However, the silica deposition in SS15 is still non-uniform especially on the edges. The
laser power is further reduced to 20W and the deposited line distance is also decreased to 0.16mm
for composing SS20 as the final optimization. Notice the changes in flow rate and the voltage
value is just for operating the deposition procedure under a stable electrospray micro-dripping
mode. Shown in Fig. 4.28 are the normal optical image and microscope optical image of SS20
prepared following the parameters in table 4.2 and after ultrasonication bath wash. The deposition
size of SS20 is approximately 2cm×0.5cm due to the decrease in deposited line distance. The
microscope optical image is taken with 10 times eye lens and 50 times objective lens. It can be




Figure 4.27: EDX of deposited silica film on silicon substrate for sample (a) SS13 and (b) SS15.
all the previous samples.
4.4 Conclusion
In summary, it is demonstrated experimentally and analytically that optical properties play
a major role in droplet explosion when the droplets are illuminated by a pulsed infrared laser
of Bessel distribution. Four types of droplet suspension of different reflectance and absorption






Figure 4.28: Images of deposited silica film on silicon substrate for sample SS20 (a) optical image
and (b) optical microscope image.
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reflectance and high absorption explodes, which is corroborated by our model. High-speed camera
images display multiple stages of explosion beyond 1.83µs. The theoretical conduction model
shows its competence and adequacy by matching the vapor regions at temperatures greater than
the threshold temperature in the droplet at different times and laser peak intensities. This model is
important in determining a priori the maximum laser peak intensity below which droplet explosion
will not occur and the particles in the droplet can be sintered on the substrate. In the case of
20wt% silver nanoparticle suspension, the threshold laser peak intensity is 4.4GW/cm2 which is
corroborated by the experiment.
An analytical model is developed to analyze the effect of microdroplet ball lens on laser
heating of a substrate when the droplets carry nanoparticles for potential deposition of thin films on
the substrate. The model can be applied to calculate two-dimensional, transient temperature distri-
butions in the substrate. The nanoparticle suspension droplets can either decrease or increase the
temperature around the center of the laser spot on the substrate by defocusing or focusing the laser
respectively. This lens effect of the droplets depends on the reflectance, absorption coefficients and
refractive index of the nanosuspension, and the resulting variation in the laser irradiance distribu-
tion on the substrate surface depends on the height of the droplets above the substrate. Droplets
with lower reflectance or absorption coefficient and higher refractive index enhance laser heating
of the substrate. The post-pulse temperature distribution due to laser heating enhancement has been
evaluated for different types of nanoparticle suspension droplets, and the diameter of the high tem-
perature region is found to qualitatively match with the size of subwavelength structures induced
by the laser on Si substrates. The effect of illuminating the Si substrate for a long time is also
modeled as the steady end-period temperature to determine the conditions for droplets to bounce
off the substrate, and this end-period temperature matches with the droplet-substrate interaction
regime map including the microdroplet bouncing regime for different laser powers.
This analytical model can be used to predict the formation of subwavelength structures on
a substrate due to enhanced laser heating or the bouncing of droplets from the substrate due to high
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surface temperature. These predictions are useful for depositing nanoparticles using nanoparticle
suspension droplets.
In the experiments, silica nanoparticles are deposited as thin films on top of the silicon
substrates. Electric field is applied to create microdroplets as the precursor for the deposition.
When microdroplets of nanosuspensions fall on the substrate where the laser is focused on, the
laser interacts with the droplets on the substrate surface to evaporate the liquid in the microdroplets
and to sinter the nanoparticles on the substrate.
Five silica film samples have been deposited on silicon substrate with various processing
parameters. It has been proved that three parameters are essential for uniform silica film deposition,
i.e., laser power, scanning speed and deposited line distance. In the current study, sample SS20 de-
posited with 20W laser power combined with 20mm/s scanning speed and 0.16mm deposited line
distance shows best uniform silica film deposition on top of silicon substrate with ultrasonication
treatment. Other samples deposited under higher laser power are observed droplet rebounding on
the silicon substrate due to Leidenfrost effect which prevents microdroplets to stick on the silicon
substrate and results in an insufficient and non-uniform silica film deposition on silicon substrate.
During the deposition, As the thin film was generated by depositing multiple lines, this process can
also be used to print narrow lines of different nanoparticles with fast processing speed and lower
cost. In contrast, 3D silica structures can also be composed by stacking the 2D silica films with
designed shapes via the developed NELD electroless plating of silica nanoparticles.
91
CHAPTER 5: MARANGONI CIRCULATION BY UV LIGHT
MODULATION ON SESSILE DROP FOR PARTICLE
AGGLOMERATION
This chapter provides a theoretical framework in toroidal coordinates to understand the
Marangoni flow patterns in photosensitive droplets for tangential stress as the boundary condition
at the free surface of the droplet. This boundary condition arises due to surface tension gradients
induced by different UV light intensity patterns. The analytical solution identifies the primary
circulation regions and downward dividing streamline locations where the suspended particles are
likely to agglomerate. The relationship between the location of particle deposition and the location
of UV beam is provided as a guidance for precise control of deposition.
An analytical solution of a biharmonic equation is presented in axisymmetric toroidal co-
ordinates for Stokes flow due to surface tension gradient on the free surface of sessile drops. The
stream function profiles exhibit clockwise and counter-clockwise toroidal volumes. The ring or dot
formed by the downward dividing streamlines between these volumes predicts the experimentally
deposited particle ring or dot well. This finding suggests that the downward dividing streamline
can be taken to be a reasonable indicator of where deposition occurs. Different light patterns di-
rected at different locations of the droplet can give rise to a single spot or ring. A relationship
between the positions of the light intensity peak and possible locations of particle deposition is
analyzed to demonstrate that the streamlines can be generated on-demand to achieve particle de-
position at predetermined locations on the substrate. Toroidal corner vortices called Moffatt eddies
have appeared in other corner flows and develop in this optical Marangoni flow as well near the
contact line.
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5.1 Model development and solutions
5.1.1 The model and a general solution
The geometry of a droplet is a spherical cap on a substrate, which can be described in
toroidal coordinates with toroid, spherical cap angle and azimuthal angle (α, β , φ ). By taking
α = η , β = π−θ and φ = Ψ, where η , θ and Ψ are defined in [134] for toroidal coordinates, the












where α ∈ [0,∞),β ∈ [0,π/2] and φ ∈ [0,2π), and R is the radius of the spherical cap on the
substrate surface. The metric coefficients are:







Figure 5.1 is a view of two vertical planes of the toroidal coordinate system, showing the










The UV light is incident on the surface of the droplet, which creates a surface tension
gradient on the surface and drives the Marangoni flow inside the droplet. Shown in figure 5.2,
are the different surface tension profiles corresponding linearly to UV laser profiles with peaks
moving from the middle of the droplet to the edge, with or without O-masks. These beams are
either Gaussian spot or ring. Based on these laser patterns, the surface tension profiles of azoTAB
droplets are written as [115]:
(1) Constant surface tension ring (CSTR) produced by an annular beam of constant inten-
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sity distribution:
σ(r∗)−σ0 = ∆σ [H(r∗− p∗1)−H(r∗− p∗2)], (5.4)
where H is the Heaviside function defined by:
H(r∗) =

0 r∗ < 0
1 r∗ > 0
. (5.5)
(2) Gaussian surface tension spot (GSTS) or Gaussian surface tension ring (GSTR) pro-
duced by an annular beam of Gaussian intensity distribution [135]:
σ(r∗)−σ0 = ∆σ exp [−a(r∗− p∗)2], (5.6)
where σ0 is the surface tension of droplets with trans-azoTAB, and ∆σ is the increase of surface
tension under UV light. ’r∗’, p∗1, p
∗
2 and p
∗ are all non-dimensional horizontal distances away
from droplet center. For case 1, from p∗1 to p
∗
2, surface tension is higher than in other parts of the
droplet. For cases 2 and 3, p∗ represents the location of maximum surface tension. ’a’ is related
to the non-dimensional beam width w∗ by w∗ = 2
√
2/a. In case 2, a = 2 represents Gaussian
surface tension spot produced by overlapped Gaussian intensity distribution of an annular beam of
small average radius. In case 3, a = 1000 represents Gaussian surface tension ring produced by an
annular beam of Gaussian intensity distribution (figure 5.2).





































Figure 5.1: Illustration of toroidal coordinates for a spherical cap on a substrate.
0 r*1
CSTR





(  ) (  ) (  )
Figure 5.2: Sketch of surface tension profiles. (a) Case 1: Constant Surface Tension Ring (CSTR)
with p∗1 = 0.33 and p
∗
2 = 0.45. (b) Case 2: Gaussian Surface Tension Spot (GSTS) with p
∗ = 0.5
and a = 2 for a beam width w∗ = 2 to study the effect of broad illumination. (c) Case 3: Gaussian
Surface Tension Ring (GSTR) with p∗ = 0.5 and a = 1000 for a beam width w∗ = 0.089 to study
the effect of narrow illumination.







where ρ is the density of the solution and ρg is the vapor density. D is the coefficient of binary
diffusion of the vapor in the gas phase. Ys and Y∞ are the vapor mass fractions near the drop surface




2π−2βc [96]. A(βc) ∼ 1 for large βc in the current study. The characteristic velocity may
be much larger at r∗→ 1 (i.e., r∗ > 0.99).
For droplets of 10 mM azoTAB solution and ∼ 3mm radius under controlled evaporation
for 22.5± 1◦C and relative humidity of 45± 10% [112, 137], V0 ∼ 1 mm/s and Ve ∼ 10−4 mm/s
from Eq. (5.7) and Eq. (5.8) respectively and Ve < V0× 10−3 for r∗ < 0.99. Since Ve  V0 for
majority of the droplet except near the contact line, evaporation is neglected in this study. For
Re∼ 2×10−4, the problem is governed by the Stokes flow. The continuity and vorticity equations
for Stokes flow are:
∇ ·V = 0, (5.9)
∇
2
ω = 0. (5.10)
The continuity equation in toroidal coordinates can be written as:
















































































The vorticity equation in toroidal coordinates can be expressed in terms of ψ as:
∇
2




Thus the governing equation for stream function corresponding to vorticity equation in toroidal
coordinates is:
E4ψ = 0. (5.16)
The general solution for Eq. (5.16) in toroidal coordinates has been given in several studies
[102, 138]. To deal with non-homogeneous boundary conditions in α-direction, Masoud et al.
proposed a general solution with Gegenbauer functions serving as eigenfunctions in α-direction
[102], which is given below.
Assume:
Ψ(α,θ) = (coshα + cosθ)−
3
2 φ(α,θ). (5.17)































φ(α,β ) = f (α)g(β ), (5.19)
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To be consistent with the assumption in separation of variables shown in Eq. (5.19), the
expressions of f in two brackets in Eq. (5.20) must be two constants. In order to create the eigen
function in α-direction, let
f (2)
f






= 1− τ2 =⇒ f (2)− cothα · f (1)+(1
4
+ τ2) f = 0. (5.21)
To solve Eq. (5.21), a new function F(η) is defined as:
F(η) = f (α), (5.22)
where η = coshα . Thus,
f (1)(α) = F(1)(η)sinhα, (5.23)
f (2)(α) = F(2)(η)sinh2 α +F(1)(η)coshα, (5.24)
and Eq. (5.21) can be expressed in terms of F(η):
F(2)(η)sinh2 α +F(1)(η)coshα− cothα sinhαF(1)(η)+(1
4
+ τ2)F(η) = 0 (5.25)
=⇒ F(2)(η)sinh2 α +(1
4
+ τ2)F(η) = 0 (5.26)
=⇒ (η2−1)F(2)+(1
4
+ τ2)F = 0 (5.27)




)F = 0. (5.28)
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Recall that the Gegenbauer polynomials, C(µ)n (η) and C∗
(µ)
n (η) are the eigen functions of
the Gegenbauer differential equation which can be expressed as:
(1−η2)F(2)− (2µ +1)xF(1)+n(n+2µ)F = 0. (5.29)
Assign µ = −12 and n = iτ +
1







(η). Since τ can be arbitrary constant, the number of solutions is
















Apply Eq. (5.31) and the first and second derivative of Eq. (5.21) to the equation of f in the second

























The solution of this constant coefficient ODE of g(β ) is given by









where, C(τ), D(τ), E(τ) and F(τ) are real functions. Since the the associated eigenvalues, τ are
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and the general solution of ψ(α,β ) is given as:




























where C−1/21/2+iτ(coshα) and C
∗−1/2
1/2+iτ(coshα) are the first and second kind Gegenbauer functions,
respectively, of degree −12 and complex order
1
2 + iτ with i as the imaginary unit. C
−1/2
1/2+iτ(coshα)












where Pn(x) and Qn(x) represent the Legendre Polynomials of the first and second kind of degree
n.
5.1.2 Boundary conditions and solution
The boundary conditions for stream function are obtained from the velocity boundary con-
ditions. Normal to the rotation axis of symmetry, velocity is zero, i.e.,V · êα(0,β ) =Vα(0,β ) = 0.
On the substrate, no slip boundary condition is V (α,0) = 0, i.e., Vα(α,0) = 0 and Vβ (α,0) =
0. Defining the value of β at the surface to be βc, which is the contact angle, V · êβ (α,βc) =
Vβ (α,βc) = 0 is assumed on the droplet surface. In the tangential direction of the droplet surface,




Where ¯̄τ is the stress tensor, n̂ and t̂ are the unit outward normal vector and unit tangential vector to
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the droplet surface respectively. The tangential stress can be generated by laser illumination on the
droplet surface utilizing the concentration-dependent and temperature-dependent surface tension
to induce Marangoni convection in the droplet. The flow pattern can be modified by changing the
surface tension gradient on the free surface of sessile drop and the gradient, in turn, can be altered
by modulating the laser intensity distribution. This study explores a mechanism of generating
streamlines on-demand for affecting the agglomeration of particles on the surface of a substrate.
Applying Eq. (5.12a) and Eq. (5.12b), boundary conditions of velocities normal to the
boundaries are converted as follows:
Vα(0,β ) = 0 =⇒
∂ψ
∂β
|α=0 = 0 =⇒ ψ(0,β ) =C1, (5.38)
Vβ (α,0) = 0 =⇒
∂ψ
∂α
|β=0 = 0 =⇒ ψ(α,0) =C2, (5.39)
Vβ (α,βc) = 0 =⇒
∂ψ
∂α
|β=βc = 0 =⇒ ψ(α,βc) =C3. (5.40)
Since streamlines ψ(0,β ) connects with ψ(α,0) at point (0,0) and ψ(α,βc) at point (0,βc), C1,
C2 and C3 are equal and set to be 0. Thus,
ψ(0,β ) = 0, (5.41)
ψ(α,0) = 0, (5.42)
ψ(α,βc) = 0. (5.43)
The boundary condition Vα(α,0) = 0 becomes

































































The other three boundary conditions are non-singular boundary conditions at the axis of
symmetry as well as at the contact line. The velocities are finite:
Vβ (0,β ) = finite, Vα(α → ∞,β ) = finite, Vβ (α → ∞,β ) = finite, (5.47a,b,c)
therefore,


























0 [101]. It also follows from Eq. (5.42) that F(τ) = 0. Then from Eq. (5.44),
E(τ) =−τD(τ). (5.49)
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Inserting the above results into Eq. (5.36), the stream function becomes:












K(β ,τ) = k1(τ)sinβ sinh(τβ )+ k2(τ)
[
cosβ sinh(τβ )− τ sinβ cosh(τβ )
]
. (5.51)
Non-singular boundary conditions, Eqs. (5.48) can be checked by asymptotic analysis.
Note that [139]































































2 α) and P− 12+iτ(coshα) ∼ O(cosh
− 12 α) when α → ∞ [140], Eqs.
(5.48a,b,c) are satisfied automatically.
By applying Eq. (5.43), the relationship of k1(τ) and k2(τ) can be shown as:
k2(τ) =−k1(τ)
sinβc sinh(τβc)
cosβc sinh(τβc)− τ sinβc cosh(τβc)
. (5.54)
Now, the only unknown coefficient is k1(τ) which can be determined by the last two boundary
conditions, Eq. (5.43) and Eq. (5.46). By substituting the integral transfer relationship [101] in Eq.
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(5.50):





































































































Substituting Eq. (5.43) to Eq. (5.58) on the droplet surface, where the stream function value ψ is






















Invoke Eq. (5.46) to find out:





















































Insert Eq. (5.61) to Eq. (5.56), Eq. (5.54) to Eq. (5.62) and put Eq. (5.56) and Eq. (5.62)

























(coshα ′) dα ′, (5.64b)
M1 = 2τ cosβc cosh(τβc)+(τ2−1)sinβc sinh(τβc), (5.64c)
M2 = (τ2 +1)cosβc sinh(τβc)+(τ + τ3)sinβc cosh(τβc), (5.64d)
M3 =
sinβc sinh(τβc)
cosβc sinh(τβc)− τ sinβc cosh(τβc)
. (5.64e)



















sinβ sinh(τβ )−sinβc sinh(τβc)
cosβ sinh(τβ )− τ sinβ cosh(τβ )
cosβc sinh(τβc)− τ sinβc cosh(τβc)
]
k1(τ). (5.66)
To calculate the velocities, Vα and Vβ in Toroidal coordinates, Eqs. (5.12a) and (5.12b) is


















































































































































K(β ,τ) · sinhα ·P− 12+iτ(coshα) dτ.
(5.71b)
The velocity in cylindrical coordinates, in r and z direction, where,
r =
√




















































sinβ sinh(τβ )− sinβc sinh(τβc)
cosβ sinh(τβ )− τ sinβ cosh(τβ )

























(coshα ′) dα ′. (5.76)
Dimensionless velocities can also be obtained with V0 = ∆σ/µ by V ∗ =V/V0 following the same































































































One of the advantages of developing an analytical solution is that one can predict the effect
of different surface tension distribution in toroidal coordinates. The effect of light illumination on
the stream function appears in Eq. (5.76) through the surface tension profiles given in Eqs. (5.4)
and (5.6). The solution can be used to find the number of vortices and dividing streamlines that
allow unique deposition patterns for the specified surface tension profile. It is also possible to find
the solution in isolated areas as near the contact line or the substrate.
For the Heaviside step function in Eq. (5.4), surface tension gradient ∂σ/∂α becomes the
Dirac delta function and, therefore, N∗2 can be written as:













where α1 and α2 are the toroids of the points at r∗ = p∗1 and r
∗ = p∗2, respectively, on the droplet



















In Eq. (5.74), α varies up to ∞ since the physical dimension of the droplet, r∗, which varies
from 0 to 1, is transformed by the toroid α to an infinite range of α ∈ [1,∞) in toroidal coordinates.
However, α = 6 corresponds to r∗= 0.995 which approximates the position of the contact line with
a high degree of accuracy and, therefore, α is taken to be 6 for calculating the stream function near
the contact line. In Eq. (5.76), the integration represents the effect of the boundary condition,
i.e., the surface tension gradient for all possible values of the toroid α ′ extending up to ∞ as the
upper limit of integration, but the maximum value of α ′ can be taken as 6 since it corresponds to
r∗ = 0.995.
For the Gaussian surface tension profile in Eq. (5.6), Eq. (5.76) is evaluated numerically
by approximating the infinite upper limit of the integration to a finite value α ′max = 6. Eq. (5.76) is
integrated numerically using Trapezoidal rule for each value of τ and βc by taking the interval of
numerical integration ∆α ′ = 0.01 and 0.001 for the cases in figures 5.2b and 5.2c respectively, and
the resulting N∗2 is substituted in Eq. (5.74). Generally, the results of the integration oscillate due
to Gibbs’ phenomenon when the infinite upper limit of integration is replaced with finite values
and the integration represents the solution of a physical problem involving discontinuity such as
a discontinuous boundary condition. In the present case, the integrand decays rapidly due to the
exponential term in the Gaussian profile. Therefore, the result of Eq. (5.76) is expected to be free
of Gibbs’ oscillation.
Using Eq. (5.74), the nondimensional stream function ψ∗ is calculated by approximating
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the infinite upper limit to a finite value τmax. Due to this approximation, the stream function would
also exhibit Gibbs’ oscillation as in the case of Eq. (5.76). For example, spurious vortices were
observed in the droplet when τmax = 50 for Case 3 in figure 5.2c (Gaussian Surface Tension Ring),
and these spurious vortices disappear for sufficiently large values of τmax. Therefore, ψ∗ has been
determined by taking τmax as 900, 50 and 200 for Cases 1, 2 and 3, respectively, and the numerical
inegration interval ∆τ as 0.1 for all cases. Identical flow patterns were observed for higher values
of τmax and lower values of ∆τ .
τmax is very high for case 1 because of the sharp discontinuity in the surface tension profile
represented by the Heaviside function (Eq. 5.4). On the other hand, τmax is fairly low for case
2 since a broad Gaussian function (Eq. 5.6) with a value of a = 2 represents the surface tension
profile as a slowly varying slope. In case 3, however, τmax is higher than in case 2 since a narrow
Gaussian function (Eq. 5.6) represents the surface tension profile with a steeper slope than in case





respect to τ for a fixed value of α , and this function oscillates rapidly with short periodicity for
large values of α [138]. In the present study, the shortest periodicity was found to be 1.1 for α = 6,
and the value of ∆τ = 0.1 corresponds to taking 11 points within one period of the oscillation. In
Eq. (5.74), the above-mentioned values of τmax and ∆τ yield convergent solutions in most of the
droplet volume except near the free surface where the integrand decays very slowly and Gibbs’
oscillation may exist.
5.2 Results and discussion
In this section, flow patterns inside the droplet of azoTAB solution are evaluated for differ-
ent UV light patterns as well as for different contact angles. First, two experimental cases are used
to validate the current analytical results and then the formation of vortices are analyzed by varying
the profiles of light illumination on the droplet.
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Majority of the particles deposit at the intersection of
downward dividing streamline and the substrate
A few particles are trapped near the contact



























UV light of a ring shape
with p*=0.33 and p*=0.451 2
Figure 5.3: Stream function and deposition prediction for Constant Surface Tension Ring with p∗1 =
0.33, p∗2 = 0.45 and βc = 0.21π . Particles are gathered by the contour-rotating circulations and
deposited on the substrate by the downward dividing streamline, forming a ring. A few particles
are trapped near the contact line due to the Moffatt eddies.
5.2.1 Experimental Validation
Experiment 1: In this experiment, a spherical cap droplet of radius 3mm and contact angle
0.21π with 10mM azoTAB concentration undergoes Marangoni convection due to UV light illu-
mination through a transparent ring in a mask. The inner and outer radii of the transparent ring
are 1.0 and 1.35mm respectively [112]. At the end of the experiment, the carboxylate polystyrene
particles are deposited on the substrate as a ring of radius 1.13mm with a width of 0.27mm. A
supporting video is given in their paper that the deposition occurs in half the time (25 minutes)
compared to evaporation (50 minutes).
This experimental condition is simulated by considering a spherical cap droplet of contact
angle 0.21π and a Constant Surface Tension Ring (Case 1 in figure 5.2a) of nondimensional inner
and outer radii p∗1 = 0.33 and p
∗
2 = 0.45, respectively, corresponding to the radii of the UV illu-
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Figure 5.4: Comparison of the particle deposition patterns in the experiments (Varanakkottuet
al. 2015) and analytical solutions for droplets under UV light. Reprinted with permission from
(Varanakkottuet al. 2015). Copyright (2016) American Chemical Society. (a,b) Stream functions
and depositions of carboxylate polystyrene particles on the substrate by UV light of a ring shape
for contact angle βc = 0.21π and βc = π/9 respectively. (c) Comparison of particle deposition
between the analytical solution and in experiments by UV light of a ring shape. (d,e) Stream
functions and cationic particle depositions on the substrate with UV beam at drop center for contact
angle βc = 0.21π and βc = π/9 respectively. (f ) Comparison of particle deposition between the
analytical solution and in experiments by UV light at drop center.
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under this condition is presented in figure 5.3, showing two counter-rotating eddies of almost equal
strength around r∗ = 0.35. Majority of the particles are expected to be gathered by the counter-
rotating eddies and follow the downward dividing streamline between the eddies, ψ∗= 0, to deposit
on the substrate. The locus of the contact point between the downward dividing streamline and the
substrate forms a ring around the axis of symmetry.
In figure 5.4, the contact angles in the droplet are changed from 0.21π to π/9 to simulate
the changes in the droplet height due to evaporation during the deposition. This reduction in height
is accounted by varying the contact angle. By calculating the stream functions of series of con-
tact angle from 0.21π to π/9, the changes in the position of intersection between the downward
streamline and substrate, defined as deposition position D∗, can be tracked. D∗ shifts toward the
contact line from D∗ = 0.33 to 0.37 for the contact angles decreasing from 0.21π to π/9 (figure
5.4a and 5.4b). Therefore, the deposited particles are expected to form a deposition ring of fi-
nite width during the period of deposition when the contact angle changes in the above-mentioned
range. The current analysis predicts the location of the particle deposition given by the nondi-
mensional radius of the center line of the deposition ring, 0.35, i.e., 1.05mm, which matches very
well with the experimental result. The nondimensional width of the deposition ring is found to be
0.04, i.e., 0.12mm, which also appears to be well-predicted within experimental uncertainty and
the striations on the ring as shown in figure 5.4c. The other eddies appearing in figures 5.3 and 5.4
are discussed at the end of this section.
Experiment 2: A spherical cap droplet of radius 2.3mm and contact angle 0.21π with
10mM azoTAB concentration undergoes Marangoni convection due to UV light located above the
droplet center with a beam width of 165 µm [112]. At the end of the experiment, cationic particles
deposit on the substrate as a dot at the droplet center.
In the corresponding analytical solution, shown in figure 5.4d, a constant surface tension
spot of non-dimensional width, w∗ = 0.072 locating at the droplet center is used to simulate the
laser spot size and location in the experiment. This analysis is also performed for decreasing
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contact angles from 0.21π to π/9 (figure 5.4d and 5.4 f ) as done in figure 5.4a and 5.4b. The
deposition region D∗ remains 0 for contact angle decreasing from 0.21π to π/9 indicating that
particles are expected to deposit on the substrate as a dot at the droplet center. Thus, the predicted
deposition locations from the analytical solutions agree with both available experimental results.
Shown in both figure 5.3 and figure 5.4, the primary circulations appear near where the
surface tension is high and undergoes a toroidal rotation while a series of weak vortices which are
Moffatt eddies forms near the contact line.
5.2.2 Marangoni convection patterns for different surface tension profiles:
After validating the analytical solution for Case 1, the effects of light modulation by varying
p∗ and a for Cases 2 and 3 are evaluated. The resulting flow patterns due to different surface tension
profiles are expected to agglomerate the particles to certain selected regions on the substrate.
5.2.2.1 Effect of broad Gaussian illumination:
This effect is examined for Gaussian Surface Tension Spot using Eq. (5.6) (Case 2 in
figure 5.2b), varying p∗ and constant a. R = 1mm; contact angle βc = π/6; azoTAB concentration
= 10mM; a = 2; σ0 = 43mN/m; ∆σ = 5mN/m. By varying p∗ from 0 to 1, the flow pattern in
the droplet changes from a toroidal circulation (appears as counter-clockwise circulation in figure
5.5a), a clockwise toroidal cell near the top of the droplet (figure 5.5b), growing to a larger volume
(figure 5.5c), and eventually a single clockwise cell (figure 5.5d). This type of modulation in
the circulation pattern, which has not been observed or reported previously, provides the requisite
Marangoni circulation to obtain various deposition patterns on demand.
For the same case as in figure 5.5, a flow regime map is developed to understand various
circulation patterns for different values of the Gaussian beam position p∗ and the droplet contact
angle βc. When the peak of the beam is shifted from the center of the droplet to its edge, i.e., p∗
is varied from 0 to 1, the orientation of circulation changes as a function of βc. A large single
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Figure 5.5: Contour of non-dimensional stream function for case 2 with a = 2. The geometry of
the droplet is R = 1mm, contact angle βc = π/6. The arrow indicates the peak intensity position of
the laser incident on the droplet. The azoTAB concentration is 10mM. (a) Position of the peak is
p∗ = 0. A large toroidal circulation (counter-clockwise on paper) is formed. (b) At p∗ = 0.195, a
new counter-rotating toroidal circulation is formed at the top center. (c) At p∗ = 0.6, this counter-
rotating circulation near the center grows, and the original circulation (counter-clockwise on paper)
diminishes in size. (d) At the droplet edge, the stronger counter-rotating circulation completely
takes over the droplet.
counter-clockwise circulation appears when p∗ is less than certain values depending on βc, and the
boundary of this phenomenon is shown in figure 5.6a. Above this boundary, i.e., when the peak of
the beam is in the mid-section of the droplet, both counter-clockwise and clockwise circulations
appear in the droplet. As p∗ increases, however, the size and strength of the counter-clockwise
circulation decreases while the clockwise circulation becomes larger and stronger. When the peak
of the beam is shifted at the edge of the droplet, i.e., p∗ = 1, a large single clockwise circulation
dominates the Marangoni convection.
Figure 5.6b shows the particle deposition position, D∗ as a function of p∗. For βc = π/6
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Figure 5.6: (a) Single counter-clockwise circulation region, twin circulation region and single
clockwise circulation line determined by surface tension peak p∗ and contact angle βc for case 2
with a = 2. (b) Relationship of deposition region D∗ and surface tension peak p∗ for case 2 with
a = 2.
as an example, deposition occurs at the droplet center as D∗ remains 0 for p∗ ≤ 0.19; then for a
small shift in the beam peak, i.e., from p∗ = 0.19 to 0.23, D∗ rapidly shifts to 0.15, and from this
point on till the beam reaches the droplet edge, the profile stays linear. This is seen for all cases,
however, for smaller βc, smaller beam shift is needed to start a clockwise toroidal circulation and
to achieve the rapidly and linearly increasing region of D∗.
5.2.2.2 Effect of narrow Gaussian illumination:
For Gaussian Surface Tension Ring using Eq. (5.4) (Case 3 in figure 5.2c), the effect of
narrow illumination is evaluated by changing the beam position p∗ and constant a. R = 1mm; con-
tact angle βc = π/6; azoTAB concentration = 10mM; a = 1000; σ0 = 43mN/m; ∆σ = 5mN/m.
Figure 5.7 shows two cases of stream function under Eq. (5.4), with a= 1000, beam peak at p∗= 0
(figure 5.7a) and p∗ = 0.5 (figure 5.7b). The effect of narrow Gaussian Surface Tension Ring on
the flow patterns is similar to that of Constant Surface Tension Ring (figure 5.3 and figure 5.4) in









































Figure 5.7: Contour of non-dimensional stream function by narrow illuminations for case 3 with
contact angle βc = π/6, a = 1000: (a) Surface tension peak is set as p∗ = 0. (b) Surface tension
peak is set as p∗ = 0.5.
5.2.2.3 Effect of concentric illumination:
As shown in Fig. 5.8, two types of concentric surface tension distribution, concentric rings
of uniform distribution and concentric rings of Gaussian distribution due to the corresponding
concentric UV light of the same shape has been used as boundary conditions, in which the surface
tension difference between the solution of cis-azoTAB and trans-azoTAB is defined as ∆σ .
Shown in Fig. 5.9a and 5.9b are flow patterns inside the sessile droplet for uniform and
Gaussian distribution resulting in multiple counter-clockwise and clockwise circulations. Multi-
ple downward dividing streamlines are also observed in between the counter-rotating circulations
which would deposit the nanoparticles on the substrate indicated by brown dots. Comparing the
flow patterns due to uniform and Gaussian distribution with the same beam width, w∗ = 0.1 and
the same average radius, p∗ = 0.1, 0.3, 0.5, 0.7, 0.9, the number, directions, sizes and locations
of the circulations in these two cases are visually the same, and thus their flow patterns inside the
droplet appear to be very similar. However, the strength of each circulation by uniform distribution
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Figure 5.8: Concentric surface tension distribution on droplet surface. r∗ = r/R represents the




3 denote the dimension-
less average radii of concentric rings. (a) Surface tension profile for concentric rings of uniform
distribution. (b) Surface tension profile for concentric rings of Gaussian distribution.
Figure 5.9: Dimensionless stream function and particle deposition in droplet of R = 1mm and
βc = π/6 with concentric surface tension distribution of w∗ = 0.1 and p∗ = 0.1, 0.3, 0.5, 0.7 and
0.9 for (a) uniform distribution and (b) Gaussian distribution.
is higher than that due to Gaussian distribution at the same location as shown in Fig. 5.10.
Other than the larger primary circulations produced by the surface tension distribution, a
small weak circulation appears near the contact line in Fig. 5.9a, trapping particles inside and
rotating without depositing on the substrate. This weak circulation is known as the Moffatt eddy
whose strength is about 10−4 of other circulations. The interesting observation is that the Moffatt
eddy does not appear for the Gaussian distribution (Fig. 5.9b) possibly because the gradient for the
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Figure 5.10: Maximum absolute value of dimensionless stream function in each primary circula-
tion cell in Fig. 5.9 for uniform and Gaussian distribution.
Gaussian distribution is smoother than that for the uniform light distribution.
When p∗ is shifted slightly, the differences in the circulation patterns and deposition are
similar. The Moffatt eddies appear in the uniform distribution and not in the Gaussian one. Based
on these predictions and observations, possible relationships between the primary circulation and
the Moffatt eddy patterns for a given UV light profile can be proposed. In both uniform and
Gaussian distribution cases, each counter-clockwise circulation or clockwise circulation appears
around the peak of the light profile respectively. The number of primary counter-clockwise and
clockwise circulations is equal to the number of light profile peaks. In addition, the downward
dividing streamlines in between the counter-rotating circulations are located around the average
radius of the concentric surface tension profile. This implies that the particles also deposit on the
substrate near the average radius of the light profile. Once again, a stronger driving force occurs
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Figure 5.11: Dimensionless stream function and particle deposition in droplet of R = 1mm and
βc = π/6 with concentric surface tension distribution of w∗ = 0.1 and p∗ = 0.2, 0.4, 0.6 and 0.8
for (a) uniform distribution and (b) Gaussian distribution.
on the droplet due to the uniform light distribution, causing a stronger primary circulation.
It can be observed in Fig. 5.11a and Fig. 5.11b that Moffatt eddies appear in both uniform
and Gaussian light profiles. This is contrary to what is observed in Fig. 5.9. Thus, it is not merely
the sharp surface tension gradient of the uniform profile that contributes to the Moffatt eddies. It
is also the location of the light profiles, i.e., p∗. In general, the Moffatt eddies are produced by the
adjacent primary circulation near the contact line. When p∗ of the last light beam is shifted from
0.9 (Fig. 5.9) to 0.8 (Fig. 5.11) or less, Moffatt eddies begin to appear. The key difference in the
placement of the light beams over the droplet center is that particle deposition can be avoided at
r∗ = 0.
These observations can be further substantiated and exploited by placing a single beam
close to the edge of the droplet, i.e., p∗ = 0.8 and another at p∗ = 0.3 as shown in Fig. 5.12. When
both peaks are present (Fig. 5.12a), a counter-clockwise circulation appears near the contact line,
circulating the particles like a Moffatt eddy but contributing to the deposition. A series of clockwise
and counter-clockwise cells appear, depositing the particles at r∗ = 0.25 and r∗ = 0.8. When the
light beam closer to the droplet center is removed, the cell that previously allowed the deposition
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Figure 5.12: Dimensionless stream function and particle deposition in droplet of R = 1mm and
βc = π/6 with concentric surface tension rings of Gaussian distribution of w∗ = 0.2 and (a) p∗ =
0.3 and 0.8 (b) p∗ = 0.8.
of particles at r∗ = 0.8 becomes very large and continues to deposit at r∗ = 0.8 (Fig. 5.12b).
However, since the light beam at p∗ = 0.3 is removed now, there is no other deposition location on
the substrate. A weaker counter-clockwise cell appears near the droplet center, without depositing
particles at the center of the droplet. It is possible that most of the particles are deposited at r∗= 0.8.
Thus, when the Moffatt eddies are created either near the contact line or centerline adjacent to the
primary circulation, those Moffatt eddies occupy only a small region of the droplet and circulate
the particles without depositing them on the substrate.
5.2.3 Marangoni convection patterns with diffusive evaporation
In this case, we studied the flow patterns in an azoTAB sessile droplet induced by the
combination of various UV illuminations and different diffusive evaporation rate due to different
relative humidity in the ambience. The steam functions due to the Marangoni flow induced by sur-
face tension gradient and the capillary flow induced by diffusive evaporation are solved separately
by applying the methods in section 5.1 and in Masoud’s paper [102], respectively. Since the gov-
erning equation used for Marangoni flow and capillary flow is the same linear partial differential
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Figure 5.13: Comparison of the particle deposition patterns in the experiments (Anyfantakis et
al. 2017) and analytical solutions for UV beam illuminating on the center of an evaporating drop
of 30◦ contact angle containing cationic polystyrene nanoparticles and azoTAB of 10mM con-
centration. Reprinted with permission from (Anyfantakis et al. 2017). Copyright (2017) Ameri-
can Chemical Society. (a) Stream functions and predicted depositions of the cationic polystyrene
nanoparticles on the droplet center and contact line. (b) Left: experimental cationic polystyrene
nanoparticle deposition patterns obtained after the UV beam irradiation on the center of an evap-
orating droplet showing nanoparticle depositions on the center and contact line. The scale bar is
1mm. Right: optical profilometry images of the ring pattern (top) and the light-directed central
deposit (bottom). Scale bars are 200µm.
equation, Eq. (5.16), the solution of the combined flow will be the superposition of the solution for
Marangoni flow and capillary flow.
We firstly validate our results with the experiments by Anyfantakis et al. [113]. In the
experiment, a UV light of 84µm beam radius is illuminated on the center of a droplet with 10mM
azoTAB concentration, 7µL volume and 1.9mm radius on the substrate which gives 30◦ contact
angle. The temperature and relative humidity are controlled to be 22.0±0.5◦C and 45.8±7.3%,
respectively. As a result, the cationic polystyrene nanoparticles in the droplet are deposited at the
droplet center as well as the contact line. In our model, we apply the same UV beam radius, drop
radius, contact angle, room temperature and humidity to find out the streamlines and show the
results in Fig. 5.13 together with the experimental results for comparison.
Fig. 5.13a shows the dimensionless streamlines calculated by the analytical solution where
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r∗ = r/R and z∗ = z/R represent the dimensionless droplet radius on the substrate and dimension-
less height of the droplet. The dimensionless UV beam radius, r∗UV is set to be 0.0442 correspond-
ing to 84µm beam radius on the droplet of R = 1.9mm. Four types of streamline are defined to
predict particle deposition pattern. The streamline flowing from the droplet top to the bottom at
the droplet center attached with its center line with stream function value 0 is defined as downward
dividing streamline. The streamlines located nearby the droplet center line, i.e., at r∗ < 0.39, form-
ing a closed toroidal shape are defined as toroidal streamlines and the streamlines located far away
from the droplet center line, i.e., r∗ > 0.39, starting from the surface and flowing away from the
droplet center to the contact line are defined as diffusing streamlines. The rest streamlines start-
ing on the surface nearby the center of droplet and ending at contact line which encapsulate the
toroidal streamlines and diffusing streamlines are defined as transporting streamlines. During the
droplet drying, the particles inside the toroidal streamlines flow with the toroidal streamlines and
agglomerate by the centrifugal force at the droplet top center where the streamline curvatures are
large. These particles either follow the downward dividing streamline to deposit on droplet bot-
tom center or follow the transporting streamline to deposit at the contact line. While the diffusing
streamlines also deliver the particles covered by them to the contact line. Our predicted particle
deposition patterns also match the experimental depositions on droplet center and contact line as
shown in Fig. 5.13b under the same UV irradiation and evaporation scenario.
After validation, we studied the effect of evaporation rate which is driven by the relative
humidity on the Moffatt eddies and the Marangoni flow. Three cases, zero, weak and strong
evaporation rates are considered.
When the relative humidity of the ambiance is 100%, the evaporated water molecules
are balanced by the condensed molecules on the droplet surface, and thus the net flux of water
molecules on the droplet surface is zero. Shown in Fig. 5.14 are the dimensionless streamlines in
droplets of 1.9mm radius with 10mM azoTAB concentration illuminated by UV beam of 84µm
radius. The contact angles of the droplets are 30◦, 45◦, 60◦ and 90◦, respectively. Use the di-
123
Figure 5.14: Dimensionless streamlines in droplets of 1.9mm radius with 10mM azoTAB concen-
tration illuminated by UV beam of 84µm radius at the droplet center with the droplet contact angle
to be (a) 30◦, (b) 45◦, (c) 60◦ and (d) 90◦.
mensionless location of the start point of the Moffatt eddies on bottom of the droplet, r∗M, as the
indicator of the Moffatt eddy size. Moffatt eddies cover the region ranging in r∗ ∈ [r∗M,1] and
thus, lower r∗M value represents larger size of Moffatt eddies. The size of the Moffatt eddies can
be seen to decrease with the contact angle increases since the dimensionless location of the start
point of Moffatt eddies on the droplet bottom increases from r∗M = 0.55 at βc = 30
◦ to r∗M = 0.95
at βc = 60◦ and vanishes at βc = 90◦. It is also seen that the number of Moffatt eddies decreases
with the contact angle increasing.
The size of the Moffatt eddies can also be affected by the beam radius of the UV light.
Taking droplets of 30◦ contact angle as an example, shown in Fig. 5.15 are the dimensionless
streamlines in droplet of 1.9mm radius with 10mM azoTAB concentration illuminated by UV















































































































Figure 5.15: Dimensionless streamlines in droplets of 1.9mm radius with 10mM azoTAB concen-
tration and 30◦ contact angle, illuminated by UV beam at the droplet center with the dimensionless
beam radius to be (a) 0.05, (b) 0.1, (c) 0.14, (d) 0.2, (e) 0.3 and (f ) 0.45.
0.2, 0.3 and 0.45. It can be observed that the size of Moffatt eddies shrinks with the beam radius
increases since the dimensionless location of the start point of Moffatt eddies on the droplet bottom
increases from r∗M = 0.55 with r
∗
UV = 0.05 to r
∗
M = 0.71 with r
∗
UV = 0.3 and the Moffatt eddies
vanish at r∗UV = 0.45. On the other hand, as shown in Fig. 5.16, the strength of the Moffatt eddies,
which is indicated by the maximum absolute value of dimensionless stream function in Moffatt
eddy region, increases firstly with r∗UV in the range r
∗
UV ∈ [0.025,0.17] and decreases with r∗UV in
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Figure 5.16: Profile of Moffatt eddy strength in a droplet of 1.9mm radius with 10mM azoTAB
concentration and 30◦ contact angle, illuminated by UV beam at the droplet center with various
dimensionless beam radius.
the range r∗UV ∈ (0.17,0.32].
Other than the contact angle of the droplets and the beam width of the UV light, another
big impact on formation of Moffatt eddies is the relative humidity of the ambient which influences
the evaporation rate at the droplet surface and in turn determine the capillary flow in the droplet
due to evaporation. Taking the dimensionless radius of the UV beam to be 0.17 which shows the
strongest Moffatt eddies in the droplet of 30◦ contact angle as an example, shown in Fig. 5.17
are the dimensionless streamlines in droplets of 1.9mm radius and 30◦ contact angle with 10mM
azoTAB concentration illuminated by UV beam of 323µm radius (r∗UV = 0.17) at the droplet center
with the ambient temperature to be 20◦C and the ambient relative humidity ranging [100%, 98.4%].
When the relative humidity in the droplet is 100% (Fig. 5.17a), the evaporation is totally suppressed
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and the flow pattern in the droplet is determined by the surface tension gradient on the droplet
surface. With the relative humidity slightly decreases from 100% to 98.4%, which indicates the
increase of evaporation rate on the droplet surface, the effect of the evaporation to the creeping flow
in the droplet can be observed on the Moffatt eddies. As shown in Fig. 5.17b-f, the Moffatt eddy
detaches from the contact line and shrinks to a restricted area whose center locates at r∗ = 0.65.
The number of Moffatt eddy also decreases to one and the size of the Moffatt eddy decreases with
the relative humidity decreasing. Finally, the Moffatt eddy completely vanishes when the relative
humidity decreases to 98.4%. However, on the other hand, the primary anti-clockwise toroidal
circulation due to the surface tension gradient induced by UV light is barely changed by the slight
variation of relative humidity from 100% to 98.4%.
When the relative humidity keeps decreasing to lower than 98.4%, the capillary flow due
to the evaporation starts to affect the Marangoni flow due to the surface tension gradient. Shown
in Fig. 5.18 are the dimensionless streamlines in droplets of 1.9mm radius with 10mM azoTAB
concentration and 30◦ contact angle, illuminated by UV beam at the droplet center with the beam
radius to be 0.32mm. The relative humidity of the ambience is set to be 80%, 50%, 20% and 0%,
respectively. With the relative humidity decreasing, the evaporation rate on the droplet surface
increases and the capillary flow due to evaporation starts to affect the Marangoni flow due the
surface tension gradient. The region nearby the droplet center is still dominated by Marangoni
flow and covered by counter-clockwise toroidal circulation, while the region nearby the contact
line is dominated by the capillary flow due to evaporation where the toroidal circulation breaks up,
forming transporting streamlines and diffusing streamlines to deliver particles to the contact line.
Such effect of decreasing humidity on flow inside droplet can be seen more obviously in Fig. 5.19
where the UV beam radius reduces to 84µm causing a lower Marangoni flow strength.
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Figure 5.17: Dimensionless streamlines in droplets of 1.9mm radius with 10mM azoTAB concen-
tration and 30◦ contact angle, illuminated by UV beam at the droplet center with the dimensionless
beam radius to be 0.17. The ambient temperature is set to be 20◦C with the relative humidity to be
(a) 100%, (b) 99.5%, (c) 99%, (d) 98.7%, (e) 98.5% and (f ) 98.4%.
5.3 Conclusion
An analytical solution is developed to determine the stream function in sessile azoTAB
droplets for different surface tension gradients produced by different intensity distributions of UV
light. The downward dividing streamline is expected to deposit the particles on the substrate. The













































































Figure 5.18: Dimensionless streamlines in droplets with 10mM azoTAB concentration and 30◦
contact angle, illuminated by UV beam at the droplet center with the dimensionless beam radius
to be 0.17. The ambient temperature is set to be 20°C with the relative humidity to be (a) 80%, (b)
50%, (c) 20% and (d) 0%.
ing streamlines are expected to deposit particles as dots at the droplet center or as rings around the
axisymmetric axis. These dots and rings predict the experimental results very well. The effect of
broad UV illumination on the position of the downward dividing streamline (i.e., possible position
of particle agglomeration) is studied using Gaussian Surface Tension Spot by varying the position
of the peak intensity p∗ and the contact angle βc of droplets. The resultant flow regime map reveals
that the circulations change from counter-clockwise at p∗ < 0.15 to clockwise at p∗ = 1 for the
contact angle of βc = π/6. The values of p∗ affect the size and number of circulations. The effect
of contact angle is also studied and a single counter-clockwise circulation is found to occur below
certain critical values of p∗, both counter-clockwise and clockwise circulations occurr above these
critical values leading to a single clockwise circulation at p∗ = 1. Narrow Gaussian UV light il-










































































Figure 5.19: Dimensionless streamlines in droplets with 10mM azoTAB concentration and 30◦
contact angle, illuminated by UV beam at the droplet center with the dimensionless beam radius
to be 0.0442. The ambient temperature is set to be 20◦C with the relative humidity to be (a) 80%,
(b) 50%, (c) 20% and (d) 0%.
along with weaker secondary circulations called Moffatt eddies. Similar effect is also observed
when the illumination is centered half way from the droplet center, producing a narrow Gaussian
surface tension ring.
The effect of concentric uniform and Gaussian UV light intensity distribution with different
beam widths on a sessile droplet of azoTAB solution has also been studied. By suitably positioning
the beam peaks away from the droplet center and edge, it is possible to create Moffatt eddies that
carry the particles while weakly circulating, but do not deposit them on the substrate. The Moffatt
eddies can appear both at the center and the edge. Such an orientation of the beam peaks would be
preferred if concentric deposition patterns are not desirable either at the center or at the edge. For
both types of concentric light distributions, the average radii of the concentric light beams should
match the desired deposition positions since the particles deposit on the substrate where the UV
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light is illuminated. Thus, it is possible to infer that any shape of deposition is possible if a similar
light beam illuminates the droplet from the top.
When considering the evaporation of droplet under different ambient humidity, an analyt-
ical solution is developed to determine the stream function values in sessile azoTAB droplet for
different surface tension gradients combined with different diffusive evaporation rate on droplet
surface due to different humidity in the ambience. The downward dividing streamlines are expected
to deposit particles as dots at the droplet center, while the transporting and diffusing streamlines
are expected to deposit particles as a ring at the droplet contact line. These predictions are also val-
idated by the experimental data. The Moffatt eddies appear when the relative humidity is or close
to 100%. The size of Moffatt eddy decreases with the increasing in contact angle or beam radius.
However, Moffatt eddies reach their maximum strength when the dimensionless beam radius is
0.17 for droplets of 30◦ contact angle. With the humidity decreasing, the strength of the capillary
flow increases, which firstly reduce the number and size of Moffatt eddies to obliterate the Moffatt
eddies and then breaks up the toroidal circulation in Marangoni flow away from the droplet center
to turn it into transporting streamlines and diffusing streamlines. While the flow pattern nearby




Three methods for nanoparticle depositions on solid substrates, contact liquid line laser
printing, nano-electrospray laser deposition and evaporative optical Marangoni assembly have
been studied experimentally, analytically and numerically. Tow experiments have been completed
to print silver fingers on ITO coated silicon substrates uisng contact liquid line laser printing and
print silica films on polished silicon substrates via nano-electrospray laser deposition method. Sev-
eral analytical solutions for temperature distribution have been developed for modeling the heating
procedure in the sintering process of these two experiments and predicts either the deposited sil-
ver line width, droplet explosion in mid-air or droplet rebound on silicon substrate, successfully.
These models are also used to optimize the processing parameters used experiments to guide to
successful silver finger depositions and silica film depositions. An analytical frame works is also
developed to calculate the stream function values in sessile droplets of any contact angle that is
under Marangoni flow due to the surface tension gradient. This model is then used to reveal the
deposition mechanism of nanoparticles in evaporative Marangoni assembly and predict its deposi-
tion patterns.
In Chapter 3, the method of contact liquid line laser printing is studied experimentally and
analytically. This method is designed for sintering silver fingers on indium tin oxide coated sili-
con substrates with CO2 laser for fast processing. The sintered silver fingers are with line height
to be around 1µm and line width to be 61− 65µm. An analytical optical model is developed to
calculate the laser intensity distribution on top of the silicon substrate and shows a Bessel beam
pattern. A conduction heat transfer model is also developed to find out the temperature distribu-
tion in the silicon substrate based on the calculated laser intensity distribution. These models are
validated by comparing their predicted line width of the deposition to the experimental data with
good agreement. The effects of the scanning line location and the scanning speed of the laser on
the temperature distribution is then evaluated. The temperature distribution is asymmetric along x
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direction when laser doesn’t scan along the center line y∗ = 0.5 due to the heat accumulation on
the closer edge side which is led by the low convection heat transfer from the air. The temperature
distribution is asymmetric along y direction when laser scans in high speed. The relationship of
the rL and Pe reveals that higher laser scanning speed leads to higher rate of asymmetry.
In Chapter 4, the silica film depositions on silicon substrates with different processing
parameters are studied and the corresponding analytical modelings to reveal the temperature dis-
tribution in microdroplets and silicon substrates at different stages of the nano-electrospray laser
depsotion are also developed. The silica film samples deposited with 20W laser power combined
with 20mm/s scanning speed and 0.16mm deposited line distance shows best deposition quality.
While other samples deposited under higher laser powers are observed droplet rebounding on the
silicon substrate which is due to the Leidenfrost effect and prevents microdroplets to stick on the
silicon substrate to form uniform silica films. Such Leidenfrost effect has been modeled analytical
by a conduction model in silicon substrate which is illuminated by the pulsed Nd:YAG laser. The
falling microdroplets serve as ball lenses with different reflectance, refrative index and absorption
coefficients which enhance the laser heating on the silicon substrat by different rates. The analyt-
ical model is validated by experimental results for droplet rebound phenomena and shows good
agreement. The model predicts that 22W is the threshold laser power leading to Leidenfrost effect
and guides for the laser power choice in the silica film deposition of good samples. When the
nano-electrospray is applied to silver nanoparticle suspension, the microdroplets of 20wt% silver
nanoparticle suspension are observed to explode in mid-air, which is not observed on other types
of microdroplets. It is demonstrated experimentally and analytically that optical properties, the
reflectance and the absorption coefficients play a major role in droplet explosion when the droplets
are illuminated by a pulsed infrared laser of Bessel distribution. The theoretical conduction model
shows its competence and adequacy by matching the vapor regions at temperatures greater than the
threshold temperature in the droplet at different times and laser peak intensities, which predicts the
explosion patterns of the microdroplets and agrees with the experimental observation very well.
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This model is important in determining a priori the maximum laser peak intensity below which
droplet explosion will not occur and the particles in the droplet can be sintered on the substrate.
In Chapter 5, an analytical framework is developed to determine the stream function in
sessile droplets for different surface tension gradients profiles with or without various evapora-
tion rate on the droplet surface. The analytical model is validated by comparing its predicted
deposition patterns with the corresponding experimental results showing good agreements. The
analytical framework also reveals the deposition mechanism in the experiments. The primary
clockwise and counter-clockwise toroidal circulations agglomerate the particles on the downward
dividing streamline and the downward dividing streamlines are expected to deposit particles as
dots at the droplet center or as rings around the axisymmetric axis. When the surface tension
profile is steep, the primary circulations are localized and the weak, secondary circulations call
Moffatt eddies appear away from the steep surface tension location, i.e., at the contact line or the
center line. These Moffatt eddies trap the particles inside without depositing them on the substrate.
When combined with the evaporation of droplet under different ambient humidity, the deposition
mechanism doesn’t change. However, the Moffatt eddies, due to their weakness, are eliminated by
the evaporation induced flow when the relative humidity is lower than 98.4%. Transporting and
diffusing streamlines are formed by the evaporation with low relative humidity and deposit part of
the particles on the contact line, which also agrees with the experimental observation.
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